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Advanced Cosmology, WS2024 00 About these lecture notes

| About these lecture notes |

- These lecture notes contain the material presented on the board.
- They are designed to guide you through the lecture content.
- While | primarily follow Amendola's script, these notes are complementary because:
1) Some arguments are restructured, and | have selectively chosen the topics.
2) Most computations are detailed step-by-step, leaving little to the imagination.
3) Mathematical terms involved in the computations are marked with arrows for clarity.
4) Instead of lengthy explanations, | use concise "slogans" to emphasize key points.
5) The detailed discussion will be provided during the lectures, where | will be very talkative.

- If you find any error, kindly let me know.
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Relativistic cosmological model
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Cosmological distances
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The "ingredients" of the universe: a closer look
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Alternatives to the cosmological constant
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How does 4>evo|ve? Eq. of motion (flat geometry)
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Same model, different physical scenarios
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DE in the Friedmann equations
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Investigating the properties of dark energy models
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How we do proceed in practice
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Scaling (1= 1) and Tracking conditions (1'> 1), and Tracker solutions
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06a Universe with two Matter contributions

Two "Matter" (M) contributions: dust (

m) and radiation (r)
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Quintessence: Summary
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06b Quintessence: summary
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Coupled Quintessence

D —Q—ﬁomﬂmo = tﬁme m%ﬂf’_lye_ Nome fyk?/xayo /L&&Jl&”\’)g\ﬂ/:) LC/;éwv\ /Vno/hLe)z /Qle ¢
e.J. Cour /-AS Lelli//m 7%"2}%@, P W\cl A)(M.&/VV\-OIH'UL

o DLWQ’MtW t— wog\,\glﬁ nt«oﬂ c,oo\]l)/@img

A 0
- dlloton ?{M&?
. fabgull Tomnen W@) ( .M-D&ﬂae,)

Cau’}émg Le+we2m o mmz&/l. TQ«@EJ ¢ -QMJ R,(ca' OCD/K’JJ), R

nowlbs i s coayﬁ;vg Q lefweon ¢ amd mm—/\-e/@a/h‘w;,h‘c molien in &MII’AA\PWN\&

- Maid Lonoiphiom 4 coupled DE (now)
Sedon Lotd (e Uigepfiohd) > comcouplle b cumy oo matr compovent (mobamly sl]inbochion)
WJDmJ«aL WI@LQJLE:M % in e cml'vm|‘2 e m -GH (T, ionefwfeel te Hub fmmef&)

. OOUF/QEJ D(,: I/NiA?"nMEM'OPwl\nLQ\NW /W\O\'llu?‘d ZNWJB TKMg
g Courfeeo[ ?wfﬂ\ |_<’/Mv\ce with uFmeQ ]I)oi..?/v\ ol
Tk ° o v V T/‘o = —5\’
R A A A S A A R S
Tl'mxl’e/mchdvx \J =~ M T
. Imﬂ«cle &Afejvukm/\ formme A VAT/:M -0

X'cu/\

. jve)(?/"%’)m HLe M&—mwwm Umn axcﬂx,cw?je Le{'ww/\ () o ()

. gquMf@/: 3, &_[;qvv‘i’ (BAM‘D'%G M) ideal, L‘"‘“’?{“"p“”/ k’i;'"]"z ]%;J : _’;o(ﬂ)/ Giote Ty=~Su 3P,
. im?@w\oﬁ QM,,[M,Q\—/W\QH'@’L #* QJ, koﬁa,ome

. J'l.o_olm}(o'\f\ :evan Tﬁn) JDL:»WQEAA = mr I‘M\-@/\Dckml\

. te\t r)l:eo'e. ublll;ﬂ\ Q?‘O o[S /V\o|' mw 3/&»0(9/&/1 (Utln— ?V“E/}Mo‘_ Q\,u,'\)m\\:ﬂ%\ . T/LE- SH‘L’“&L'-

Feb e wll difiguid, Lokl e brgon

/Vv\m/‘/\/\/‘/‘% VKT/W:O (mwz/LveJ = Mww—mmwn\'mexo&my
yAT/W: Sv —l;w /wol’ w~y2nvco| = -NV\UW\EM\—MM excﬁuwgb

VT GET 0 = 0008 + 0028 +0 -0 tbl snenay commonetion

Matteo Maturi Back to Indezx 37



Advanced Cosmology, WS2024

07 Coupled dark energy

“We,;o/vwﬂme,:

. Ca/m])o'v\wt) :d), g/w‘l gft

e nl/w\re\a% 4ow]>e©o1 /vﬂe,ljfmw withs Q Coml. (wvmcﬂ mo wne/

| %
awdh Q= Cofwvlf ?\W BIWAA—DC&QM m&mw wa&m )&o«m&
T o

u?ue&,c:/ww,}e exoum[)&.: V(4’)=\/‘7é—>\¢ > A= &>’W>|/ tahe A>0 (sne me:.,ﬁcbwenoﬂ
. :)_l_=o fnoJ\.oFa

ek K ‘%951

NV\o|-l"D'V\

Tov=0 (w%“wwmd{m‘\) m FLRW Lu&rwwal omd WP«LMJ bme T

. L .

VT o= - QT2 Sp +3H(So+Py)=-@%,.¢ (23)
VT o = + O, 0 ) §,M+BH(‘§M+O\=Q§,M¢

VT =0 ¢n+ 3H (R, 4840)= §at 4HGa=0 G
/\ 0

Blesdunaimn <. =L (St St Sa) @
[
—._'d;"’-w‘-\/ _ _ . . ] -
%lgj—‘zcﬁz\/ > G 426 eyde3E o008 [B13nE Y- as
$°727

sousis.
v S{L.plﬁ vawam/:c o? ()up}w an w;ULoQ. (>\ = 00‘“’?&)

. X2t N fRx
XFHXWXJFH @

« Troodmanmn - Q,=4-X

SV VS OV IV S S
X}"X: 2 Ty Ut
A A= K- X, 1L X
X2 X2 % T3

iﬂ Kﬂtﬁ-ﬁ“‘&l PO‘M (nwww— mﬂmeLéQ«\J

1: . 1H 6
(1]\1 = —3x, + \‘/—6/\75 —x ¢ Voo
d

52”,\= 4‘)14‘./‘2,[‘

/\A);:

. . . JU _ 2 2
5 M J'lﬁﬁ_7(‘2(1_37%_15_3%) (EMQAM,@,\M,) AW—A)— %(A-I—XA—XZ '/-")3,-)(;)
dzo V6 1 dH (l) —
-_— = ——/\.7‘1.172 — 2= T, o =v_ A
1N 2 HdN e
((17; . L i MG— <1> (3H¢ Vet z—)
A L T X:L(ch d>|—\) 0)
‘JX- \/_I H 7
g0 = Guicol poinbs

Matteo Maturi Back to Indezx 38



Advanced Cosmology, WS2024 07 Coupled dark energy

o sl Pocn om nebevand o podickon —» mallin = ccifoueion

’ Name ’ T ’ T ‘ T3 ’ QO | 2y, ’ W¢ ‘ Walf, ‘/ma,H’% ((bDA %)
| (a) | -YR 0 0 2 0 1 (2) | padlle Ju 0(Q#A)>-3
(b1) 1 0 0 1 0 1 1
(b2) -1 0 0 1 0 1 1
1@ | 3 [ 0 0 1 0 [ -1+ ¥ [CLaE D ecabecon
V6 2Q(Q+A)+371/2 QRN +3 —Q(R+A) ‘
V@) | s@en | [Fooeae 4 0 (Q+A)2 0 QQTAT3 ((QJF,\) moflee poccolluakion
O 0 0 1 0 1 - T2\
() _I%Q 0 (1—552)7? . g 1 B \ Jmo\uhmm
() | 3T e -2 & [i-% [ 3 \t)

. RML\'OJI‘COM N WQ\/ULF- ’W?#‘ ’/3
(5) C?>3%L lrcm»\ ueum!%{wmogoe malter Lowimokion ars.
L) [SEIAN

Bl %(8’ N>88,9 X istoo szgq b ol Dr occefesbion (oee Lol

= (&) HZ« UV\% WL&MJW J.dW\NV\ouom \mHL\/M =-A4,1: mJJZe,
e encag fouond molter demimokion

-m-’ lﬂooi—/&\ ﬂ%bd&ﬁhm \)0\'|',PA ‘Q¢=WM+/ _Q,},_=O - QM\:A_m'_. %{:=w“\
2 Q4é4 . ] )
J: Ja N>>lal K vy o) Sy%0, N30 =4 (fot)

3. Mz % Q(Q-’—)\) -3 4-Q / -1+Q (LDMQA 4>—Nvu>“zm tLOWU.\A/\&»}CJ 'a[)vcex dDMDE)
>O !! 40 <o ( s M (2 QLO omd )34 evim 1'4? Qeecd )
MJJM«L Q(R¥A)>-3 meeded b orcope fword Lok e acceforohiom
—5(’“‘ ) ~3 - ~
Scaﬁwg Wy ZQ 2> Jp=9s0d " g.,,,é Y Cho € : ﬁ—‘:\m comk.
. 4Q + A 32Q + N 3-AMQ+N][B+2Q(Q + )
R IS VI Ty 1“‘L\/”B[3 i ]] -

oheble mode @ ofeble OPIMQ . Comn mat oot foword ocefinote) pM @

'Acceﬁe/m} v : @

&ﬂ¢=4_ﬂ. O_Sz

/4[.:%()\1( 4(,\1 Q) MREN-3 ocdlonnted me, N< 2, ofoble LL A@i)) <2

<0 (%)
ER oieforation pﬁ/\<2Q @ A>-Q (MLJQ, A>0)  nloble P&A a+))>3 (pee 08‘““'@&./‘3}
. DCQf/\Mg 0§&A}’Lo¢y\ /omw) ’XL):;oQ NOEQR/Q)CJMRJ\N— c(L.Qg? OI

"/\(QJ—A>23 olRO.J‘U)l'E\We%/\Y {'u < o d U)

Matteo Maturi Back to Indezx



Advanced Cosmology, WS2024 07 Coupled dark energy

Sumasy o voliocbl ool pinh

|Namc| oy I Ty I 3 ] Qy | Q, I We I Weff | CMM{}IW(;J
Rediohon @ o1 o [ 1 [ o [ 1T [ - [ § 1 -
\L /Vv\a,{'}miqm{m
6 2Q° 2Q° IQIAA
MaH'e/z_ | (@ | -Y2 | 0 | 0 N 1 = Q(Q“\)*%
/\(Q+,\\)<3 =2 (O no:.U[e,

N N . ?ﬂnL«LIﬂ\La
Mad)s3 = ) %M:wa

N TN T B . N I S B 52 0 S 3 R O
1] ol @ | | BEEE] 0 G| 0 | adEs | dh [ \<2q « >-Q
(c)ip/w\me_,ﬁ}@c@\:
U rw\n-H'm Mﬂo&m"

(,OV\QQA‘C,Fw\g comde o %7_ (- (d) beame (2) Nequires Qléq
) A/\:W Q QMy s LM M%&Olw% MCJQILQ/IWV\

+ Ovaroll

Py Q/ }\:0/ A Q:D/"-j, v,
cmﬂa‘ll\;m\alm% 0;, :;' "N )
\/JA&LQ& P,JR ;o (e)— (&) — () o |
| | o
(Q<</1/ &(Q+}\)>—3/Z) (fd, a4 N <3)
a4 osddle Lk
MJ’#:D M'#b/j i / ' ’ log <;+1) ) ) ‘ ’ log j(z+1)

PADE : L4 = Wiy = LBQ‘ ~ 0,06

D (dwatwm ‘o o ova@[‘lm

¢ OMDE > Q Jfo Habb{e ax?ﬂ/vw;o’\/\
te\/;r) IMORON) d\a ol»'ol'wvm +w er fm\'m’q'mmg Mm?ool 6—7
(s ﬁ,\' cl,ez,cu\;f'&/v\g in ryw@/&‘l/l- / (?Z 2{1, Q=0//1) &A/X{Lai' mrwleJ La
C/’IB o[mf'o, OQA%) H,\h)r @own mbl’\.')e QMXWL H\om 0/4

+ Q Affects vlnion f gobinbobino §, 13H(S,.+0) = Q3w => efhel om grosth Juche
- o@nn{'e/mg , BAOs -

0 4 See box mext
i D (pumlo o e lp

* Red ?j«ovfho wwabwb) + W with Lwé,wo cou J?Amg
. I_quwa iOAo(E»BX/«\?/\G(Ja with e mom a?\ meu I’/\A/v»o-)

Matteo Maturi Back to Indezx 40



Advanced Cosmology, WS2024 07 Coupled dark energy

N
Q*(D ch LamC f)l?wc'?me, .P;nm\nllom
- Uuo ,{&m » MM!)W&C,\ S b «@wuyzotmfamu

= |l’»oﬂ>-eMA/Q/> QMQJA?ACO-"WW# %\N/l,\—g
V=46 5(3,2) 3 85 MDL[Z.‘Q,J Poimon o

lewwe_ Puw;l‘lcm # |‘VV'~& omdd npece-

- (mul)ﬁx le. %(5*\4?0168/ A#QLI'A CdWACn[;\MLhA/Le_ Pdlﬂm&"low
cb,\,;,\w,u\bj (\ * l(/l 34/\1“#)(\ —_;C(an.)ﬂ 8 (u(/e_umﬂ[/w& ls Wﬁq \

=> (,ouﬂ:l be z,ﬂ\mn.c"weecl \oa oLAmel'l‘ow: (&3- Sbﬁﬁ)“@ I"W’"&, CMKS/ B’A‘O’/ CZ“”I—“"):)

mone. Loten ..

Matteo Maturi Back to Index 41



Advanced Cosmology, WS2024 07 Coupled dark energy

B ?onho@m wM\ Am Izvaew)wé /wwah(”

|
: : g .. LR (e
i"ﬁgl‘l\%“:&%d) %'—QdJ—B% ngw-\\ :Q@‘d)q)—gﬂ«vga‘ %MT %:u §3e®(d>-¢.)
S " ° 0 i
/VVlaHefL oowme/J [36 omﬁo owR. Yorztopﬂ uc[H)A ,@me s j ' Mma-m§5€@(¢ o)

(,Gmwkm-.

b, Gomrrved 2 My () S

() = exp( (:owudf) sl & H pafide o becase f coupling 467 i gernerel

n ermm BWM[— 3o C—I_Zn z vom Lcr)!wv\ﬂo VMXM& 6—)- melrmwwgoanci Oo/\'\n\—/W;Ml;:: |6'/(r|$ (o‘“ng\

1
k™ wntd i tomerizol] imatkions
’ AM e w|+£\ LOJUWN‘)

0
f! Lu?jdm woam (,ourpe_ (QJ,V‘(?) =2 m, !U/onen /OW\J i MMD“ Wen okerbw& N Foml—m\
— Lu\'fwwv\a OLAMVE}IGVV) I/w\?fﬁ\oll’% AN N = ocvw;l

3w abiom mongy o W (€136 V) degnds on Rdbong sl R ; ;:2‘;2

)D\n avolie, )szo\lc:JMQ i m (4, X)
w«\‘ﬂ m@co{‘o nY&cwaZ Ww/nbmucw (MD&]QFNWV% l)
v
[\ My\‘M A U \N\ )
Jza’wf Y,\T/(’: =0 o i+ A AR ...
\l}
ms 5% ?,ma'; Pm. L)ona,dW) : % -Padw/ Z,mo[/wg)
: (o’L /vw.e;J hr |'M|7|,ao[Moe, OME I?s- Nolie. fw,we yabl'l"a MRONUNR) MJ /&zer m= oo'w){ ) 7

Qy‘o lﬂd[- Mom /vv\&oﬂ\mw\ryw\ : DOROW) w[‘mm"\o'v\ ML MRYNIe cLle([‘I)
A Su‘%'m /vva"(‘nn H«/)e&n ’\*X)bﬁm

(Pame oo
Aeolon WQQ/&I whod: q‘%mchve, LSS olk[)?/"JV) o @"‘\/I-/WVVVV\J@/\A}

4- ‘SM in ij& = /W\4>'1\ = {Zu@z' an mef ]MAFOS?h M (0‘/"9““’\""6)

M: Lﬁgﬂ“ J/eoouf'eﬁ Lscﬂramm Quu?# © bat Q=0 . .
A7 gbn+3H ‘§M= Q%nnd)
N f, +3H5,-0 — xf%

Matteo Maturi Back to Index 42



Part 1V
Modified Gravity

43



Advanced Cosmology, WS2024 08 Conformal transformations

Modified gravity and dark energy: conformal transformations
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Linear structure formation
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Perturbation theory with a coulped scalar field

dem(,on ]%Joo' CUMPO”\W/D/ /W\ofl’@_ + DE

- — 2
Ferenc DE = (e, £, ()

) Ji: S, SZ.S —2,1:"/&()&% AN Pmi’m\oolim
S POPE /L., R H B UL A Y ed
e, Y .93 o4 oy

%l 4+H —é(ﬂfﬁm&{)ﬂ MJ‘,,{;( o\aazg) t@éh Q)(P/LQW‘O’\A [1&0% Eroedmann + P=§”W>

C\/f/“‘ 2’9 (;M, =K _l_/\o

<_\_/

0 |
= %&vl% o noLaced La om/\l;u\oqu *ﬂ m\auwwf S Wep /|,( oD a?)
=>4 Jw,{?w,awml
ém}@w\eﬁs (/A\) 90) /w_a,f Do " oI%
K 4>K+3¢|(¢ HY) = 4TG>,S(Y =i/H ) | i_ ":/’]VL' e L
b= 32 d, + 3 (B - o) W
2 K WZ
b=3) (S -¢) @ J At ol 3298

SAMP&MQ (/A\) 01)
1(d> 74"1“)—-47'63 A+w,ﬁg)g

ﬂ‘r{h(‘ ﬂ’i//"l/k ——% /ﬂ\:(_l. (/H-’\/U;ﬁ) ﬂr‘ﬂ}‘u’e

"2
’4>lK= "h“%/\ L’H-’\A"#)U;b (2)

uaﬁ

2 A = %K//H Nw/ vw@:oi"za atVWLBfQ/V\OQ_ o(elavwllcw\

’ m P > Ay (/u,o=- i/S) (3) A‘/’f ‘(bu m GR (,Q,me&e SJ( ,OM/-\/)J'A;:T\‘C nI;wn I'/V\W;,“)\)

Yoo+ el s e
'Pollj‘:;m\g_ J_ ) ¢ )
Wz arg g |, +3H( (g1 ez /] reyse M 5.‘* Buedwapmn

’% ¢, = 3T d +3M wm)y(v ,\]

I
b, - %ﬁ LJ +3(w+’l)’u‘/\ 1 7y
5 A W wvamw}mLWc» om APcn wv\P:an s okrwtval" owy

"’ KOM/MMO’@Q mj%

Matteo Maturi Back to Indezx

75



Advanced Cosmology, WS2024 15 Linear perturbation theory with dark energy and couplings

H%Anj el 0770 (et infvadion with DEY)

-D€é ﬁu«zgﬂa mﬁmwm => (c axPJwWomo 729_ W) omd Cs(z)
- Db @W»{L& s e pom e H (& LJW e 4 B bochgpoun)

DE to»%«:\ﬁ/m' Mel CbUng ;ﬁM
> b Mam,mw b 8, 8y i

. vabm'% m?«\&/"lo\mém fLDE)

Yot 3U(E )Y =~ (1) (43 3{)
M+ 3H (G- b, = ~(ra0) (2, +3214)

¥ 43(C-) 8, - ~(Aran) (54360

&M (OMQ#:'I&M;)\/‘AJQMQ 'LDE) |
9+ ]9 e x“”) o' e~ Ul U+ )
(5 ﬂ‘h'lﬁiL)Jr[ﬂ‘l(/Hw) + Al ]4417=ﬂ£;(4—‘+%&+ /«{Q ) JK‘_

('\ZZ'H},'H [4 3w+/“er ]mz(:%(mfﬁﬂy)

v = [3w 4—%4_’}] - ;\i(_s_f 4{/) %'Z_é(/ifsw(ﬂ) \P«D‘A«EA&JMQM

accelsfion @o Feom Tvmse, r.wtl‘a
(olemzHavw (WCDE!)
> Jown (1), (), (5, (6)

$" 4[24+ %(5% Mr,#)] &+ [+ 1) Syl =3(Cs;—w;{4) o'

43\ A" é‘-\ c|>+z(4+w(#)d> 4" &'L/molm}to’vx (W=C§=(/3) ;\\4‘4 =05
(B,gfbmm/\m:&w)

: - ﬁ)‘ #‘”— 1—’7\/"\ P‘Q'\R'hME /Omlguo’['/bol:fa) &) cyﬂ_ =40 (%ra)
*dl MQF{ ﬁ'{/3 /\chjo.};orvx o(ﬁ\/-/\;/v\uh-on/\ i CM[B |.|.

38 N - 343 arg) 630 | s malken = Linl (1, =0) (8,)

/vwl—c Sé , /W'z# CD\A+QAAMM& Dt CSpe ) /UJ;JC(Q‘)I

ﬂ—éﬂe—[ 17\»9/\0 LY w% LeoaMDZI 10 alo/W\\/a.(aze LS 3,02& 60&\/){}/!1\”\ o&Dme_ c.obwn

Matteo Maturi Back to Indezx 76



Advanced Cosmology, WS2024 15 Linear perturbation theory with dark energy and couplings

cded, Mr=-b (7=n)

u \ ) \ 0) \\I(J)
_| ~ 5’ = ’__3.. _3 ) \\/ |
3+ 3ug) b= N - 2 (4 AAT#) $-3¢ ®.) (y”: +§|(/,_3WLW)5'M:%(ﬂmgm+ﬂw<};}

b SN L ALt N |- 2R b nacl) W) (NS
= - 2] e T )
Amalf JM&MM& De DE=O = weFF=ﬂD£MDE

€. =0

Matteo Maturi Back to Indezx 77



Advanced Cosmology, WS2024 15 Linear perturbation theory with dark energy and couplings
DE 4m o acolot ]QJJ
~ Need fs npeu'&( M3, c;m ()
()= HE < __ . merd 'P-?A*-MLOJ"U/E, Q«‘waw[)»
- §

S (é)

- Scaln oM. §{= ARV (S (-9 + gy ©

Rt hh- V)RR ) Vgl © 49@% e
O ST —?\-l&i @ MMB friiedee

¢ (4+w@‘3~r Ty
g&m% §420 (m ‘M““’"&) Ty H, ek
u/¢ AN = NV\?{J/HL vVz=V/ HH meov\ﬁm veVRow)

'?armLul{meQ'.,?\ﬂ_kP :
tolle () : J’I+3(C; S) ~(A4ar) (T 430D ?QM\ e,Lc __'__|(4+3m‘#\ ,3’\{5%

&Y' (H/H)g%(/\z )& - PGop) 12Ut =0

éb[WerJ o llokiors ~P\!L DC,QXQIJ A)\ C’///v’|>|q =2 ms c,w{m'LuL'm +0‘ A vaf|'okow£ Po}mhuﬁ
=5 /O/WMKINV\.JQ ('|'AJ) /mecau&ow
A Q«mgen D(JQ/) bellovesoun ieTwo(eom g
AMT<4 (/wuf< l-I) ¢ omd &4) evolven DE’M% = \1>'“—‘[3C4+M§,)52+]I/z 4PfL A 2|
/V/\>\‘( >4 (my>H) il fions 2vem dv\ﬁellze oolls
LJK\DV\N\J uuﬂ ol no\x/eﬂ w(# wIMJ&]M -@wfm 7%{ ome uf DE

= MC}QM&C H’

MLM@ (Jou’l)ﬂ.mg
/YMOJNQ@ JMW SE %))Mf GR + o QXIL/»» !Lﬂce

v_,(_/:\ Q ((P LM)VL{)
Yl m =8, 00) Ty ({) = ?f‘ﬁf)r /o,cuihd‘ﬂj fems) im ch\kzwwt-{-a aond Clen .

Vg - (R Tt A TL)VY

ool
o 4T
* P@/\kﬂ]‘ijOﬂ\ ze). 2& WWQ OOUDEEGI %«&Lﬂ;“ t=pM, |, "’V‘(‘?\ V(QP)

W' (H/H)&\M(/\zww; INE \P'(3¢'-«r‘)+z?/,¢r=-3 2 Q-3¢ 28 -6 2, RU-348) Y
“32;(’(—34/\7;)&;)?&] &LP
Dmf-fam\/anocg,m)p\n DM amd b £§3Q52m(),"n_ RN

Matteo Maturi Back to Indezx 78



Advanced Cosmology, WS2024 15 Linear perturbation theory with dark energy and couplings

Him . (.OQ Wnclle)lf)lbm \ we 0L /'MI‘CO""MOIW” the P hiom ﬁtﬂwo ,P\e/()nl Hee wwm)
(?f BM JMG +u~m+|uqmmfwgﬂ
(o'MMoLU- : ﬂun/v(—o}a}kk QA'VIM|' ( fime o(/ermu/mlvea

mill scolon (3ec4) - sumw‘,\ﬁ > (Bed))
A

mﬂabb cond wn~(OM+)
}(%H/H (/\ ,wﬂ&? Ya#=F) +2 L,Ar -38%,, M
Hbp=3a0b, | = by desg o L g
= Jrold §¢ comfabalen on o sugnflins! pdimli b 070 (prod:fled gty )
Y= Y =rraly TUMMQ&MPJ&M% ™ nmmgﬂml‘m ops, o nploce ()

fstoincing | we ol Poion 0 culd o Wi G e,y 1!

chLMoﬂ'AWl\'U
2 J Jz ; = 2 |)a z-och /vmalno %FT}‘MW% l'*w}
ms nohon ?mloee 0&43&\”}3 ) m ¥00+ Here i me M(rez? Wﬂ'\(/RA Ane ngﬂw\obo/g%%oae
Mo
- MaW We VCn,owLL%vGS\F = k@qmﬂ@dawp}pﬁpwaépga?%q&m

b(_w Lp T’) owm oM (o

- Lu,i' I.muw.ﬁw)}v( O} kc MP\)ApX we. /nﬂ,’zf%{' | ,Q/W:J 1;,?15 dm%{'&z "_ zPaﬁ o?tkc’l)o\’m\‘mg
—>M-Pamwe?m|ocmwmALq ZNV'\A|' ?n— K()e,s} (\)m Hccuw&m\leF)

- ﬂ)vo o@ﬁm {Z@u vy o Mzd vi 6' w..?»vta n w\o}r)mlfwmi&l Lcozo nPw\-z @Mg
itis oo comied La@owem Po»k}:olwama a K.G.ey.

OH&Q)"L /vv\oolﬁpjoa}\om : /ue(nf,Q te-e VOJLM/V\Q Pan}lb& MOV (&uw(ﬂml aq )
Mo Jz ]%vt w@% @ be m\'uFA,el'oJ JZ\MW& ML& sz ;{. ow?zms u.{&‘-f)

% = Myw -fvmése@q)':/m -/W\SS'(’“'QY)

“D/HQL w\nﬂtl/‘mtmguﬂm(w%o& n&«?c”(,e@ﬁ 5=

)
Q‘{)l '\I' Ubﬂ ¥s ('mLs e -?\A‘ahm\ +w~
(-) ﬁtﬂ,aw\ga_ " M‘\'a_“

"4

Matteo Maturi Back to Indezx 79



Advanced Cosmology, WS2024 15 Linear perturbation theory with dark energy and couplings
hwa/Q pe\h\nLJ'fam Q3. A CDU\?Q«./\A?,
| 1 —

J’kl+3(c§—w)<?’K=~(4+4Ar)(4§;+3d>l)
(_ w Y 4 ¢
| W‘[3”:4‘m‘%r]ﬁ+gz(ﬁ%&“ﬂ)
P T, T ong ke - 1
I A A
2+ B)sgs (e ) - Yao) 4 20t =305 - 632,24,

CO'WMQLQ/L N Lejlzo’\'e 1 wav\ f)t»l(c QWM}, (Vmﬂnbafko} A== (G-R) ; we ' —_—i(/]—MTEFF)

m&«uvwc’lf P Mmy=0, <=0 (Dm) ; S.(,{ 4‘&1«,1»1 o’lztgau, AR up oLm:/uW.hbM# %/JLX\'«J)
J\)kl =" /U‘—( (C\) (;) (S\)kl = A/UI-A
Y I 10 — | *
el 3 ) v w«x’% vf—%(A—W#tz&g&)wﬁz(ﬁm&%)
/1¢K—-§A(<JW+)A{L5 -(vr@dq)-358 L.
I S ¢-24 %, §,(1+28)
Y S Le- =y (1121Y)

(a2 Y— /\?/EM(JFQ&F =A|/_3q1j1m5’m‘>\l (&LJQF%M‘OU G- G(U+2)
) f' i ickion toun o £uler

ol pelinbotin e, 48, (-3 a0y -2 (), § -

m T g S

3(°°°|'“’PP"’°"' : qpoutl noke f= j_ﬁ'éi 203 ¥=054(144Q")
U L 0 6;

-FMHZ\UL ?),emwa-ﬂ 2uko~\o
ey imq‘;& ‘oo«»gjm = addiliond o /\’f:“
2.y Q /V\olrc@rw)}aﬂ/\¥
oo cph Lot oy bl Hhe modilicokions will oppest inthe same. pivh |

Matteo Maturi Back to Indezx 80



Advanced Cosmology, WS2024

15 Linear perturbation theory with dark energy and couplings

Sfo'& 47/Jr w&o& ﬂ)\LN /\,/\nll 3:4‘4 2. MW we oLr MOT M%CJ_ fm

Broom Bt Sp (X% 40) §9=-3an, 8, < \

N \J Ay 3QL
S T A S T R ()

()
. ' _ L. i 3QHE _ )
Caa?ff‘mg,Q} X‘/% ‘3/04 am c,%zchvc 3,(,=-V||o}\cﬂl\»:vq MA+QM|_ 6}# = GM (4 t (/)\\_7_4_ /?w'L)) F- C—,«M_

/LL

To undorobind whot 4 dieo, it o povul momive pathele
We werk out L, & mmobe b fo o poinfpatkcle
ok potbicde s Sz m SRR s mmoms, %, = pahion o petlice
Relopace s (SV= G (5~ 25 = m
Totmen opace G Sc\}x\g(i) " SJ!x md (75w (T chropped Mmg;,kw? Fouion trorad. )
2 1 = b (8 b i?' g gﬁ=§*w“_é ’r)kyow}io L

N T T

4 .
A =§\§\— 8-“—6_ 4_ 3QL)\L
A‘If‘ "M \SHL 3\;_ (4 t (/)\\_14_ /;\V\Z> ) TO' P\R_OQ f)lzo.Ce(?

2
Gy (XA JEE_ () QN \_ (M L oy
() SJKA{’Ke SJK A (’H (3\_2“%)) Lial (44 ZQTG ) %
yﬂl&a.\!/o_ Po}m lL'oQ CQN"\CO\ Lg o O(&fpﬂ pat |'l<,?£

Al

= ADW\BK og He \'m}Mcffw
Q = njrmaﬂﬁ J ™ |'2/w-c kO’V\

i ae/v\/en/up Q(\[’), /m(k{’) = quﬂ J&F&w‘&m%w Pom'l(o«v\ /\'mJ ")PO-C@/

N;E: L&M o am »Q,OU.A}\O’V\OQ K ‘,(p,},m(e,md l
MW »gsond%\ u&l'w J#&&EA\{ ol,\y&/; W}@Q Q;l,o@l/e, =[»%m% {

Matteo Maturi Back to Indezx

81



Advanced Cosmology, WS2024 15 Linear perturbation theory with dark energy and couplings

Summary

Seobo Ve, L’)_-T&mdt c[ewvapam' )
Js- eCkg (M42%) He + 2ar e Jr dy + [(/l+2<l>)5 t by ]Jx Ly }
=t At Sr=-UE }/\TJ’V:—-IK;(A DA-=0
= b b s = @b L89B g~ E(hy+ i) Wi=hy, Shi=0, Wi=o0

J
P“?J\\' L |We ,Q_PPWG(/@\
% g +S§ P P+8P wﬂ w +Su-jn 8/4 Sﬂfv\ 5}0 T T +'T w

T

:_,J’C +(1+424) &"\SJX Jxo] Nm+w‘§ Z,o,uge W wsio B:IO

olS =
TS, =§[5(4+C§)a ot (e (S i + S V4 28 S, ]

W)= L), 7 ()= >(-clar), c'er) w -t

) g(X/)EéS\(Lf EM :(Ml— cm\mweﬁzj ) vcgaa.ha o\)vwaemaz,M o(x*) = Varxr)

§ g

SDZ/C a,’p.s 4moll' “=dge

6/-—:: = 84_72&—'/_"“[:) V—E{N Ve, 1—6 :FOWI“UL ’)I’:"CQ gj—b 'KJ \j=/1121g 7(-'_) fu

(Ut 3H & HA) = 676 <0, . - Rl bk
@ |(1(d7v{_7_(4_}:()____4ﬂ-é 31(/14'4/0)%91 Md)y\: 4y N ZJ_JVI\‘F?)/}'HW-I-/OS;/K] @) KDLW,\,Z,I;,
Q) | M=-& Mg Ny ) ™ (@)

() 43:4—2/” 47:-/H"YKI- (/I—(L+27—|')A|’:~4'l"6-a"(513cyu 47:4.3’[/[(/1 +C:)¢.4{+(C;_K2+Z4—|I+ Bﬂmc’; +/Hl)¢ 0
&) (308 3H(E 1) = (A1) (543 6) B) Pofenli &
© (@4 [H(4+3 ) +A—1”4;r |a- Mt(ff:—v I+ "f’,) bk B%CL“‘W i’ﬁwmw e

De,‘E\M :\ E/H/M I VE%K//H ) (,Q\M%(e ’ l’l-/w\e“ l/D/\A‘O'L'&_ N = T _>/H,"|“
() b= 30 (4 4+, - ') )g i

8- 2% [4+ N1 e e Y

) d:‘f: Ayu__%'/‘\1(4+wﬁ)1}“
@ & 13 (- m) &= ~(har) (14380

' w M ;
(e\fl)K-[3w-4-MW 3 ]U+/\ (A—ff—xﬁ"{i)

vaubi/we_

$" +[3 ¢ +i(B-EW*)]d>‘+R3+XZ)é§f—3w¢w]4>=3(csi—w¢ﬁ)r+ 0 o (1), (2),(5), (6)
- Jsag)d AV 4K 0 +2rang) 648" fanadikon (us<g=1n) Rt a0
JJM@(/I-&AM%)XM:-)\ /“F-%(A—BM#)4>—3¢ 7P\ﬂ/w‘°\['¥m= L (/w;:o)

Matteo Maturi Back to Indezx 82



Advanced Cosmology, WS2024 15 Linear perturbation theory with dark energy and couplings

DE s o oOo/&/l Q\ua
()= B% a-S g{ =237 Iade - V(@) §9,= M8 kp‘}b) V&g @
i K f=-18" ffo- V) (7 =H{Y-9)-Vybp ©

L S B
P Catnsg)3y 4

I fowod, 2 LWWQ MJ

(?) %L() (L+/H)&‘P+()\z "y ) é‘f Y03 9- ) 12V [yt =0 ls)/e,L/c, ;}Zl':_
Cou PM M wwf,\ //qu»\&oJ g,wwlia(

VT =8 TM,V<|>

VT -0,V
VTG - (RO Tt 3T,V

N—

(/l+3/\,o;ﬁ) ; an%’i

R (zﬂ')&{u (Nt ) S - PG+ 20t =-3 2, Qi (-3 28) -6 3,R,U-3u) 0254
-3&(4-3am) 3y 5L, &9
So\LrJZ\:/\Xém\- Qurart o!ch le‘
¥ I)\\_zéLP=—3QMD_M§;,, (3 : cg‘f osz:& Peimom e3. ka 0 a BMM ool FJMHQQ Lewi &
Y Y= =+ QY
. %MQMM-M\S}-(/{ +QY) s mwum wo&lm > odd Q\P' im .PM'cf(m\ Foum 9{2 Enden o,

' &
= 4(1-30 +z_auﬂ)v+ﬂ (v+aly) 5. +18, (135, +20‘f')—-§’:(4*2‘?"‘)ﬂm%m= D

—('\’(K+Q& K)-—%?\lAK ~
ey b=21 1,8, (1416 fg_é’g_mmﬂy(a) ¥=9,54(4+4Q)
dé

Matteo Maturi Back to Indezx 83



Part VI

Non-linear cosmic
structure formation

84



Advanced Cosmology, WS2024 16 Non-linear perturbation theory

Non-linear perturbation theory
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Figure 1. Py(k) power spectrum term is plotted at four redshifts z = 0.0, 0.5, 1.0 and 2.0. We show linear
result (black, dotted), one loop PT (blue, solid), two loop closure (green, dashed), corrected Zel'dovich (red,
long-dashed) of [33] , simple Zel'dovich (magenta, dot-dashed) and simulation measurements (black dots). The
error bars show the variance among realizations in simulations. The power spectrum is divided by no-wiggle
fitting formula from [34], to reduce the dynamic range.
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Redshift correction
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Figure 1. Py(k) power spectrum term is plotted at four redshifts 2 = 0.0, 0.5, 1.0 and 2.0. We show linear
result (black, dotted), one loop PT (blue, solid), two loop closure (green, dashed), corrected Zel’dovich (red,
long-dashed) of [33] , simple Zel’dovich (magenta, dot-dashed) and simulation measurements (black dots). The
error bars show the variance among realizations in simulations. The power spectrum is divided by no-wiggle
fitting formula from [34], to reduce the dynamic range.
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IR resummation
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