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01 Introduction

Welcome!

Nice to meet you:
Matteo Maturi, Madonna di Campiglio (Dolomites)
Center for Astronomy & Institute for Theoretical Physics
Cosmology, gravitational lensing, galaxy clusters
Involved in Euclid, KiDS, DESC-LSST, J-PAS

Contact:
maturi@uni-heidelberg.de (Matteo)
nussbaumer_n@thphys.uni-heidelberg.de> (Nadine, head tutor)

Lectures:
From April 17th to June 21st
Monday 09:15-11:00 (INF308/HS 2)
Wednesday 09:15-11:00 (INF308/HS 2)

Website, Uebungen:
https://uebungen.physik.uni-heidelberg.de/vorlesung/20231/1666

- Literature

- Lecture notes

- Additional material (slides, pdf files,...)
- Tutorials / Exercises

- dates of exam and all...

- answers to possible questions

UNIVERSITAT
HEIDELBERG
ZUKUNFT
SEIT 1386

Tutorials:
- Subscribe!
- First tutorial next week!
- The exercises will not be corrected and no mark will be given
- Ask the tutors and comment your solutions with them!
- It is possible to hand in exercises to get a feedback

Exam:
Written
Same style of exercises

Admission to the exam: (50% attendance + (3 points)

1) attend at least 50% of the tutorials (your presence will be registered).
If attendance < 50%, it is required to hand in 3 full exercise sheets that
will be graded.

and
2) gain 3 points by:

- 1 point: present at the black board at least 1/3 of a sheet.
- 1 point: actively participating in the discussion during the tutorials

Matteo Maturi
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OK... but what is it all about?!

Curved Space-time

Gravity as a manifestation of space-time

Many implications...

- orbits

- frame dragging

- gravitational lensing
- Black-holes

- White-holes

- Cosmology

Matteo Maturi Back to Indezx 6



General Relativity, SS2023 01 Introduction

UNIVERSITAT

Why do we need General relativity? e

SEIT 1386

First simple consideraation:

Gravity = force F - G/‘ﬁa n (,womol;'\,: = '\f:_,ﬁc\> T}')-_-
17)?

All objects fall with the same acceleration

IWREEEPAAVE. = | mi=m,

4N

[ O peghbieelideg g m3ege |

D)

Eotvos experiment (1893) torsin balance to test it
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Issues with Newtonian gravity:

1) Kepler's law: closed fixed orbits... wrong!
e.g. Mercury's precession 43"/1000 orbits
PSR 193-10 4"/orbit
PSR J0737-3039 20"/orbit
0J287 40deg/orbit :-0

2) Gravitational lensing is not explained: m_photon=0,
even if you force m_phot!=0 you get the wrong factor (alpha_N/alpha_GR = 0.5)

3) Gravitational waves are not predicted

4) Time dilation is not predicted

5) It is not a covariant theory, not Lorentz invariant under change of inertial frame
6) It has no retardation

7) Superposition principle: ... wrong, gravity is a non-linear theory!

8) Energy is always conserved... wrong! e.g. expanding universe

Matteo Maturi Back to Indezx 8
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Few observational facts

Matteo Maturi Back to Indezx 9
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Gravitational redshift - time
And the Global Positioning System (GPS)

Velocity

Time runs

slowbecause i

of welocity | Gravitational
§ force

Time runs
fastbacause
of weaker
gravity

elieve It OrNot

Matteo Maturi Back to Indezx 10
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Mercury's aphelion

Mercury's
perihelion

Perihelion shift
Orbits are not closed ellipses

Credit: SSU E/PO Aurore Simonnet

Matteo Maturi Back to Index 11
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source

1919 Solar eclipse Eddington and Crommelin expedition

Credit:
ESO/Landessternwarte Heidelberg-Konigstuhl/F. W. Dyson, A. S. Eddington, & C. Davidson

Matteo Maturi Back to Index 12
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Gravitational Lens G2237+0305

Strong gravitational lensing
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Matteo Maturi
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Time delay (Rafsdal supernova)

\ -

‘ ’
e g
May have appeared °
here in 1995 _
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Time delay (Rafsdal supernova)
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.Weak gra'\iigatiolna-ll lensing:
Mapping dark matter *

- *
s

L]
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ros. Entertainment, Inc. and Paramount Pictures Corporation

o mpact objects,

Sravitational lensing

Luminet (1979)
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»

Event Horizon Telescope (EHT)
interferometric millimetric image

e

Elliptical galaxy M87 (optical, radio, X-rays)
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Center for Astrophysics, Harvard & Smithsonian
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Gravitational waves: e
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First evidence

Hulse-Taylor binary

PSR B1913+16

binary star system composed of a neutron star and a
pulsar

Current orbital period: 59.02999792988 ms

Cumulative period shift (s)

III|IIIIIIIIIIII|I|III||IIII|IIII|I\|I

0_llllllllIIIIIIIllIIlIlIIlIl]llI e
1975 1980 1985 1990 1995 2000 2005 kalrifa X
f'oha[

Yea r Credit: Shane L. Larson WaVes
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LIGO (Laser Interferometer Gr
the world’s largcst grzwitational wave observatory. LIGO consists
of two laser interferomerers located thousands of kilomerers

apart, one in Livingston, Louisiana and the other in Hanford,
Washington. LIGO uses the physical properties of light and
of space itself to detect gravitational waves. It was funded
by the US National Science Foundation, and it is managed

Livingston

by Caltech and MIT. Hundreds of scientists in the LIGO
Scientific Collaboration, in many countries, contribute to the

astrophysical and instrument science of LIGO. There are also
other gravitational wave observatories in the world, including
Virgo in Iraly and GEO 600 in Germany.

and LIGO Li

Matteo Maturi Back to Index 22
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Gravitational waves:
direct measure

sses
(1 &2 pendulums)

“Reaction Chain”

“Main Chain”
Side

change in distance 10,000 times smaller than a proton

Matteo Maturi Back to Indezx 23
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Researchers were able to narrow in on the location

of the gravitationa.l wave source using data

from the LIGO observatories in Livingston,

Orion Louisiana, and Hanford, Washington. The

. Nebula gravitational waves arrived at Livingston 7
; milliseconds before arriving at Hanford.
Rigel This time delay revealed a particula.r slice
of sky, or ring, where the signal must
have come from. Further analysis of the
varying signal strength at both detectors
ruled out portions of the ring, Icavin,g
the remaining patch shown on this map.

. Canapus In the future, when the Advanced Virgo
gravitational wave detector in Italy is

up and running, and later the KAGRA

dcbecte: in ]apan, sacntlsts Wlﬂ bu ablc

Matteo Maturi Back to Index 24
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Gravitational waves:
first detection,
GW150914

Hanford, Washington (H1)
T

Livingston, Louisiana (L1)

— L1 observed

H1 observed (shifted, inverted)
T e

— Numerical relativity
Reconstructed (wavelet)
m Reconstructed (template)
T T

— Numerical relativity
Reconstructed (wavelet)
. Reconstructed (template)
T T

= Hr_-sldu-_nL

Frequency (Hz)

0.30

0.35
Time (s)

B. P. Abbott et al., (2016)

0.30 0.35

Time (s

Normalized amplitude

0.40
)

0.45
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Table 1 - Important Parameters for GW 150914

Time detected

September 14,2015 09:50:45 UTC

Mass (in units of

Solar Mass)

Black Hole 1

Black Hole 2

Final Mass

GW Energy

3.0+£05 M,

Distance

+160
410 _;49 Mpe

~1.34 x 10° light years

Redshift

+0.03

0.09 " o4

Observing band

35-350 Hz

Peak strain b

1.0 x 10

Matteo Maturi
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Cumulative Count of Events
01 = 3, 02 =8, O3a =39, Total =50

02 0O3a

N w B
o =] S

Cumulative #Events

o

I

1 sec. =
time observable by LIGO

0 100 200 300 500

LiGo-G2001862 Time (Days) Gredt: LIGO-Virgo Collaboration

Masses in the Stellar Graveyard

EM Neutron Stars

°
°
...u-""

eoo
°
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Content of the lectures

> INTRO <

Newtonian gravity:
1. Gravity and the other forces
2. Newtonian gravity: idea and problems
3. The most general classical non-relativistic field approach
4. The link between @ a r-1 and the Euclidean space

The equivalence principle:
1. Gravity ~ non inertial frames
2. Few predictions

> FLAT SPACE-TIME <

Special relativity: Minkowski space-time
1. Special relativity, the need and the idea
2. Space-time, scalars, vectors, one-forms and tensors
3. Linear coordinates transformations: the Lorentz transforms
4. Groups, lie-groups, the Lorentz-group
5. Relativistic mechanics

Attempting a relativistic linear theory of gravity: fail!
1. Dynamic of the field
2. Dynamic of a particle in the field: perihelion shift problem
3. Impossibility of gravitational redshift in a flat space-time

The equivalence principle: gravity - non inertial frames
1. The equivalence principle and few predictions
2. Non-inertial frames and the equivalence principle
3. Gravity and the metric of space-time, welcome to GR!

> CURVED SPACE-TIME <

Curved space-time
. Manifolds, geometry, Riemanian geometry
. tangential manifold / tangent space
. Covariant derivatives, Christoffel symbols
. Link between Christoffel symbols and the metric tensor
. Parallel transport and the geodesic equations
. Conserved quantities and killing vectors
. The Riemann tensor
. Geodesic motion from least action principle (B. p31) Landau

> GRAVITY <

Sources of the gravitational fields
1. The energy momentum tensor
2. Matter as source
3. Fields as source

Field equations
1. Einstein field equations
2. Ricci- and Weyl-curvature
3. Linearized equations
4. Weak-field limit

> APPLICATIONS <

Gravitational waves
Perturbative approach

Spherically symmetric systems
2. Schwartzshild black-holes
5. Kerr metric
6. Reissner-Nordstrom (electrically charged black-holes)

Cosmology, isotropic and homogeneous universe
1. Friedmann(-Lamaitre)-Robertson-Walker metric (FLRW)
2. distances
3. the expansion of the universe
4. cosmological redshift / energy “non conservation”
5. The cosmological constant and dark energy

A pinch of numerical general relativity
1. Numerical simulations of black holes accretion
2. Cosmological numerical simulations

Matteo Maturi

Back to Indezx
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Let’s start!

UNIVERSITAT
HEIDELBERG
ZUKUNFT i
SEIT 1386

Matteo Maturi

Back to Indezx

29



General Relativity, SS2023 02 Equivalence principle

| The equivalence principle |
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Equivalence principle: gravitational redshift
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Equivalence principle: gravitational lensing
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03 Non relativistic linear theory

Gravity: the most general non-relativistic linear theory
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Can this theory solve some problems of "standard" Newtonian gravity?
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Equation of motion of a particle in a gravitational field
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Special Relativity: the concept
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04 Special relativity concept v2

Some abmiguity is left
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The proper time
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Implication of the Lorentz transforms
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General Relativity, SS2023
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| Space-time diagrams |
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Lorentz geometry

Geometric interpretation of the ct,x plane
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Note: above we have choosen a specific basis set (cartesian)
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Frame transformations

— We are dealing with inertial frames
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Another way to define the needed transformation
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Lorentz invariant quantities |
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The Lorentz group

e What is a groups?
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Inverse transformation (v~ —) x/’l'_> x
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Lie-groups
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The Lorentz group is a Lie group
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Combination of boosts in one plane
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Relativistic mechanics

— Behavejour of paticles in the space-time
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- Momentum of a photon
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. A convenient expression: energy of a particle measured by a moving observer
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General Relativity, SS2023

Variational approach

— Free particle : no external forces
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- Eq. of motion but directly from least action principle
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06 Relativistic mechanics

Decay of particles
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A

Photons ct

Photons travel with the speed of light
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— Lorentz transform of 4-frequency :
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Equation of motion of a particle in gravitational field
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3) Perihelion shift
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General Relativity, SS2023 07a Relativistic linear theory

Classical, relativistic linear theory in Minkowski space
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More about gravity
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Virial tensor theorem
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08 Toward GR linking gravity to metric

Toward G.R. : linking gravity to the metric of space-time
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Example: rotating system

-~ Equivalence principle : MMJ%W «—> Y&V{%
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Connecting the metric to a gravitational field

— Let's try to find the metric associated to a gravitational field R/)

— Take a non relativistic particle in a given fixed gravitational field \|,
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ms ceoww WM
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. e mylA/W‘Eal ~ y'\,ew ,aM,J %XQJ ‘-r ( ‘-{ (VA /Wth 4 lyvti«cl'eJ / ,ozm.oa‘od}leJ }\B‘ < ruaunle_)
IL ue cervwc|' voﬁ»e ?p"« 5;1 hrwno
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' %‘a MM”“N'B’ o e \w\{:ﬂc e (an amm (ol YQ‘MI% oo coned Spoce-time U

weliowe Fs W fu,,{-;v;f

Mz?"’““é G ot Hagh Me ek Jidd Lt
b (€] . XLMMMZ

Matteo Maturi Back to Indezx 77



General Relativity, SS2023 09 Vectors one-forms tensors v4

Vectors, 1-forms, tensors (kerpm)
K= {w&l, ef V\:\P\
« Vector: 7V s s MPW}‘/; \/;g—(rél/\“% Vechn. ope te
. Basis set: EZ% Z} AVEN .m(g})%ote,,,\ll veclon o%wﬁg H. Qﬁm
%
« Components of a vector: /\T’: ’b/.‘ ef,-[ D O Q»mwz wmlo[m\i};m JP Lo/yw Vcdh:%

. Transformation of vectors:  x' :x”( xj(v))

dx' X JX5 . X (X' <~ = . )
E—@a\_’r = [dx :@JX m:) ; Je&olo(a»» QZ Hle l:\/q,m#dL\/l/v\/Q.)‘lM/\ |
e W of X" it renpect fir 2

J;%L?a?(an' < X S L )
/Uowu/\f’*-M&/UOI mfﬂamétm )
?/w}b"?)f)—ed‘{lvd"m, S /U_.ll,__\ _S_Xi o dx) J
§X°

« Transformation of basis:

M (5,5") born ok, (ga%,gz@ vedse compornly (47, 4") 4?:(“‘. S wil

’U‘"é'([
— C— N N — b . A it ;
/\Y:'\f:c,—-\:/\)—‘q,\\:/\j/\r'é-;\ ?/\j"/\\l*e,-{\ = 'e'|_:/\‘,€_|, §—*’)§
verne : mevagf, /\
—I 5' i P L ;
</\> i /\3' = As'e—i:/\y/\ P € =8y =2 %F/\y g s~
iy
éj’ meuf&

» Linear map :

TZV—B(Y' T(A—F\:TE‘ :/\_[J’\r}lm /U-é\/ ik

TR +R)=TERTE)  weV  dohulehic
TG )= AT () U Linen

« Bilinear map : T:VxV — T(,\‘,:/ o) = Tf'x A

Demea . inn L oo |5 oﬁ ks Lmya/wvm}o T(ew #LLT>:QT(4'F)+LT(CZ> abelk
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« The metric

~ Mow &Wb mre 5} (W#JMF A/C)

~Ttb a bbimes pnap Gt Lo e ocalon \')/LDoLMc,}_
6:\/7<V~> N (G#) — 6(5,47) =2laT,7r=2 wreV selk

- Tt »@w’}&ﬂ/&m /W\A-P Z@M/&lﬂg\\ }}LLZ_ oFny) \/Wal V
3V>V o (F)s §(F-) =¥ 7= B! eV (el

Emmkem :
. 8((7{47-)_—_0 Vae¢V = =0 (¢=.> 0[4}(8)#0) Moo~ alﬂg,em]'e,
. 3(47'/"7)= (17",'??:][47[["‘ f" u(ILPA/v*Qf) }'/Lt/yvcﬂm\ 04—)-4:, Vé[l;’l-
. 6(;,;): S(M:El-,a/“jéj): u(nr_DS(efl-,éJ-) = u“'\r.’é’ré CO'MEO"’W"‘"J \‘ﬁ g 51\] 2 5(5;,%)
/wCa,Maa =y )
. g‘gtzgio.clx"al@ ijjl.Jxe" = 35 Wde = 3585 % o ogpmamebnie became o the
Y 0 -2
ds*>0 = Romomion opece YW'JM)J;" feriom 4 ds

1:1524 >=0 = T)nau.o(.c’— R,,'B” OMAOM OPQCE_
S JET)=s =W g E) e S
:8(&1-‘6_[;/@'3[53) Duowe S selR &, prvamant
. (5-.)%5 & Lehirad o 3&3‘”‘:&5 a wvone o He e | nawh (2)

5U eXin lN/) Lcccuw)b & \n /y\,c)\— A\E,S)Z/NAO l’& ) |QJ.£/\-(83 +0

<

gé V=V I.DKIQM,’(\‘B} ,,\m,Po \n sl en &V\YL: /\}"c
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* One-forms = dual vectors = covariant vectors = co-vectors

VK w FF*LE)‘:A(’\F;E):AA?,ED wv &V /\r(/\/
WM&P e 8(/\71_) N JMQZ Vechp_ QFQCQ JZ V
oreceae /{»qumo
— lonmporrentn, index Lowtinsg
AF (T l{Vf\(_u;Z‘-)—_—_u'/\’\f'(al—)—;u“«)‘-‘ %ﬁowm[m\axl aufrm\}.\&_x

8 L/V‘} n) = 8.\) u"/\l"l\) = \/L[r\l'.' = v 5 Lawors He ]|/\/'<>\0.)(

/v_ ’
l@ AF = 8(AT_) )= Vo N, "rl) ) & \/*

FoVoR o JFA) =A@ Va5
7 Vs §Ee)= @)

R T~ | v N i ;
/TI'UIB: I\FI&'(U@ e/):/\rlk"(ﬂ'[e:o)= '\I"Ul.i =3 E\D=OOIJ' 2 60-:%—:—:; S)--—V\/ua“hm Adbe
J-th {DMVJ‘W& b,‘i H/t -He C/oa’uoLn\nl

> Do ¥
&3\ e Hhe l'we) F)f{ GﬁfL&AAD/M}\

i omeform bors i conlriom frame  — xz@o‘;):(w‘;,w;)...‘)2(332,54{,____ 56 )= $o
i= fubel
52 I/vo[/ex o‘\Q COMFO\MM"

CO.N€4M/C : L’A\; (/"7 /°) EF("I”’/‘“IO)T

- T C A
—(O '1: )O) e—,«”‘(o,",--y") C:)IC\/ E| &\/

E7e (00, 1) Ealo, T b Seilrsel m,‘a\,dnﬂg\m;,-gwn‘w@l
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— One-forms are the prototypes of gradients
¥(T — oM ‘
~ ¥ d(%): K™= R — Nerne eolor %Wt}lgm
?17:)

— Pammtha A

Ul

(cl

« Veclso JTMYM|‘ ks X(T) =T dt
b 3; .y

== eR <—Cﬁwwzfe4¢»1ma¢x('¢) d(x @)

<_E,oww&[m/s m{ylbbwlm}'\w\ with B(‘) cp/,w w

u'e;

? N
mP.dw.,\ vecfo

8¢ e\fk cabamlen b opace ceV l"oﬁrsoym)' f)?e-—ce_ NJ@ : (L; &I¢ '—‘-ECP e JIJ\EC how;ﬁ Leriu l‘UQ.
Coveckews'

MML@M a

To visualize it:

- Useful also to quantify fluxes
No[ J . 4 44} Ip across a surface
540 %) = Spdx'=d¢ ‘L”?‘ Alers &5
X?_

6;4’ cl)‘-;
& A 00\0//\4)2& '\ouof'&z—ce/mmﬁ Ve.c[atﬂ_ cl

£
f 7 > X4
(f):(,cma" = db _Jodv=0 ine-Lavelp
dv

~i

O];( P/W]-O)?Fe aﬁ VCC}S’L (.:(,m}yé&oe/w%wg
cg 4 u w'e.—-l&ﬂ/w‘ (N""")‘>

~ Thampfrirmation o omedforsms / banin

~ ‘). Yo TN = )
’\f'il /\FC_C ) ’@ (/\ it 6\3)= |/\F( )‘ '|l /\r‘)
e A \' Al ] ot ~ A L —~ P
=V W' = S =/\,~;’lri w' = RBl=A | |&3= N &

— Ths combue o prarsnbesn the vvoripmce of 4-tnlovads
Vo ’ I J
703 = «r‘e('W’w) i (ay

)= N iz (R gz &) = KR ag 3(0)
~<\/\//\\_, ’U‘M} = /U'/w- clR lequgM)'

\_/\/A\‘—»
§
§

l
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Tensors

Tensors are rulers in physics: /W\ztu‘c, [‘M\DJL ( oFaoe-l‘t'/me)

(/&lhﬂ?’\ﬂy‘/‘(}l‘ﬁ— rmdl
M\an/vmm)‘um Fems oz

They are a "generalization": Scalons i @ imolece, () Ve o A Gnolex (&) AL (2)
/Wl,o.t/mk i l;lﬁolzoe/) Cé,-)-) p Twna%= M imolecon ul)/banV\
f‘(TMmM /ww,]."mkm lsw" mot oL m«afm}(m sone r-(_lM/)o’UJ)

General definition: a matematical object obaying certain transformation roles
i.e components have certain transformation properties
under a change of coordinates

Types of tensors: s fomnon <><ﬁ FZF{ G}) o o Sawmtan /W\Q-r}ﬂ‘zvxi A4
M A’W’) A/Ml N Ve(_h)/u) Tc r)u.a/&./u) (Mra |;Vw}9M]')

T: w % Yx/vv\,;\/ — R jwvaniaml
M N

TLWC (ﬂ) - #oﬁ 1;4")14}' A—Pn'uw; (l}nolzxvtv")

— W ou 1 Veéhﬁ’) Cl,;]/ualﬁ)( uLo%)

Ra_nk: f-a{'cvg M/Wmlom a& (l/v\aLV_Ceo
{-aPe (ID namk =3 24 yn J2 A myam K2y *5 T;_L\K viwe, =3 el
> oomrowal?) (M-JAMWQQ vedha rpace vV % V= \RM)
You already met tensors!

T2P6(8)= 060/63’1 éZ,R")]R é(\o):élgzc é,)y,cé)R

TDPC (3) : {(/f-{chzm“ = c(Ma/Q veLIL,/L = c,crve(,h:'L :_C,o\/[l/l/\‘q,wl_vzf"o’)_

ﬁ:\/—alﬂ ,)5(47-)=\ﬁi'\r_‘—_e 2elR TeV f)’ev"' 0: 00 o
TDPC (g) : Vjchﬂ_ = omtw——vciju‘q»}' VICC’-m_ A %‘wz/«m}-vcc,"a
P:V—>R P(AF)=Pas = 2 selR FeV? Pev  feor mmoep

TZPC(’}% PVAVaR PP imaria s 2R 76V @el bilivast moy

T%c(i): P: VxV-=-R P(’\—F/"TF)ZP[")’\EWJ';Q 2¢IR /\7‘,4/‘_/‘6-]/ bCLN‘b@}l/IMn«T
. | . -
Lgn +-/L\L mbho 4{)2 . ’1 MxIM ->IR
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ev — ()
Antisymmetric tensors T(& )= Ttim,w) <= TI.J Va,awey — (OODO>

‘.JSSiA.)‘g.)"l‘f ‘5J/‘AW}‘%J Fo be Ml'f—q,?,mmbu‘c
46 §21,TA‘= V S é/}\’: Mafvvvw-kffw_ , Te ,}"Z M{'fn}/u\/v»l._'bhc,

Symmetric tensors T, :=Ttw, %) <= Ty=T; Vv

S

Splitting in symmetric and antisymmetric parts:

fy:mocw\ Juw?,, de ik l[.‘j] = % T}I) .)?) A’M)"\‘Q‘X‘Mﬁ“tlﬁ?’ FO’L{_

Components of a tensor

WFW}O M,e,h?,e,\/o,me sﬂ 7&*‘/\/— o (thwﬂ./wmﬂ:ng) o "o MS/,«M?MA oL }’Lckwa
23,553 of He fame. &

P: VxVi=IR PlrAr)= Plaie; &) =4r-'~w)- F(éi/é’j):V;”G P;S

P, A7) = P

Rising/Lowering indexes

[ . v ; 3 ]
P ,) = P(w'€;, v 9) = arhs P (& 059) = «r'W"‘&f; - «F'W’*E
N

M (A g

(/V) (/VM) Foenng ¥ 5”‘/ x[szr
()= (020) ey 1 5°<YT”px= T76% = TeTR|
Transformation of the components

i i N i o~ - .'l\-)l 8)( gx\)l oL
P‘):P(C’OJW):P</\&(’O'§NP > /\ /\ P( ) P &X 6)(%?

Y L _ _ ) ixd o P
P;lJ _P(e]'lub)_/(P (NII e’,L//\ P P) ( Al ('3) Pl'l\) gxl, g:(%?
P?'b' ) P(éi"ES');P (/\DL i ZMAP o Cp ) = /\xi‘/\Pb‘ P(€A|€[5> P.‘l;)':%f' %;)n ?MP
i! __ ) — j! ’o\é"" p . B\ P Pf vy — i i B A%
Pu=Plesheg)=P (ALt K =y ) = AN Pl ey) PO%% \
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Basis for tensors

« We W!_/Q_ L>w/) (:b\ MQ/&RAA Ilr V(’-C[-m ‘A/V‘—’:I M—L’lﬂ“’)
OX 9] t
we ,Q\ANC. ~

we \z/c:m}' . 6.5. P:\/xV - lP\ ]O(", ‘) = P,“ @EJC"/") P f/\\me Whlgmh% ‘P A~ L;euyu; /Le,l—

-H,&ue,plzl\‘e, : |gL@ FCC‘,(IQ’P3 P'O© (eﬂxle'P = ?ld [JO*UOP ? (O (ep( o (C ) = LJO @ L»Q Ceﬂwe'(’)
\/‘\/‘\./ eV
| = &*S; {S _&I __w Be/'vl/)

o X

here we defimed e ufer pradncd @1 B3I E) = B G-,
(%, §) comporent of borin (53) ;£ 5005 barin net & (3) Fomans

' >/bl/« B\&\/e VO o waun I—J‘ M];Lﬂ.c"n- |—€/w_>d\
0

P:P CQ@C\S) :Pi\)' Ei®0~53 = Pi\{ €,‘®—é\') =?IJ &‘@EJ

Examples:

tBPe (2) A-form: . V>R Foanls £ bows o A- s

‘h?j‘;g (/é) vec b . A \/*~j \K A=A E-I g E-,@ LW,D sﬁ vec}"du)

/t:)F( (2) ERVAVE = P“) %‘.®35‘.) Lg/w\zbuc 5:5%&" @&3
’}"&Y{ (3) P !\/*K\/* xV<\V'—=R P- PI jv\l [ALYAL FNRL N

]‘ } um:lﬂflf)in%o\ﬁ”gﬁlifma’w koMeio)ec,\’ U«J‘ \'JD\MLD 1M{vm/u"})£e, \Mﬁc wv\D
d Bl

Every tensor can be expressed as a combination of outer products

#vl exqu&: ?'wa ’ﬁ ,7\' eV ) Vrk ccw\m/euomy; \mmﬂ o T T:’]\),@%/ E?(—)ﬁ(—) T:VxV— R

—

U(/&/lm/mj TC’U‘/’\TJ') 5?(’\72 %J("'/T’) ;’J-,Y;('\Tf’)\’ﬁ/(/\—?) v eV (/V\(?MMX @ /rv\-w"Nwmimmf,{'};ve
. ¥ . @ ®
é=?l.«r‘“[-bw5 Piw?‘hwzk .‘M7ﬁuhmywemﬁ 37 L ? 7?&(1 P
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Tensors operations 3 Fomvos o P qame PW, bentd o be omsme. vec b apoce
<
- Sum/Subtraction : S=T+V

Ty + Vi = T(%: %) +V(e;, &) = 5(ei g5)= Sis

- Multiplication by a scalar: L& IR S=4T

SQ=*Tb

- Quter ptoduct : (%@ ’[5)

(7,2)=3@)P@) eV 93¢V (§0P) Romh2
(JaPai)(#,x2)=5(@) P(E)AE) = tFEz)%E)
e =lesn)@mz)
- Inner product : \ /—.r'zl'a'F' /omaa‘a}ivc
s T(o)e) ()= T3 - Q= QE) i )WJMJ behweon 2 tomers T and S
\

X'\/eo A NG ‘\'_Q/V\I)cfl Q

TS ?{ ST : TI:)S,- 75 T—I‘)SJ M,_vaﬂmha/h.v@,

- Contraction : Dired) sounme nolex

v N
T(Cé&/ —y —épL) = S(") KQMB‘(‘/I rwwd'l,
. T - - ® .
(,OW\PO’VW"\L)‘- g{b: (L’IDD{I&P, (9‘\) T—T '*(5 v,ﬂ/ - 6 v T\? %d\ <NFM-+2J1 ""Qkﬁx Wr/ °(A"“M
1

g Rk 3 o T(= =) =(T4)

4 = (o twac Fion 3

W@okhwm»_fmuﬂme&&wwzs

—~ Derivative :

g TRy (L b <) (25 (3) oo with on Bupher soncd

5% e whid Founa o H s
(A
Mapping tensors on tensors

T(‘/‘/'U‘) A € \/ 12(“41 f¥ we ?A»Vl'b\ze ou:y\ fwo ! 1}~Yu»“f)“ \x,e.}ml ~ ool mm«)s&n

=) —}_(—l._ll\—r‘)':‘S(—,‘) n Wﬂz—?. Fomgsn
T /VV\&,?S &Vcci'ﬂ, 1 l‘/\lkr ~ WE—Z ]L.Lrn))o/l S

(mporsaly =3 |52 3(8,,%) =T (&, 5,7)

Y

- Tot\s?(v
,om,o]'/aven_zg \)(/(-)E T(&‘/-/«?) &_/Xr ¢V )&‘xec( 2D W rank-4 bma (VCC}<1>
W) =T, 2,,7) = Tyeq uln
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Special tensors:

« The Levi-Clvita symbol

+4 evean P-?/Vw&M.i-O—hO’Wﬁ x£ 0/41 4,3
Euprs >

1 W . ,,hth;ai Wil £ =4

0 oHhorine (i.c. pame L}wolu\)

'68- c{o/{zg:/t goyg:"{ f_o,’z,,:—’t Z,ng:_,’ 5/‘032_:/[

A\
E o420 :—2\741\) = Evaw 2O vao 1,273
= ! !

o applics i DB 268, = ((R-8R) & +(5,8,-4,)7 +(1B,-5,5)%

L7 VO oun }' umolen &W’% /./quP_xl_M}‘]m’l N Wﬂ}o%— Lme (mJl»«W)

+ Kroneker delta

&‘; = 2(/0{ = The oomme it c.ooﬂaL}mMLa §7)}%~0 amd Y rJJ’JO-%—hm

T¥#)

'h?mmcrus e mmopn = (&;) i Hhe u(.wlrlg Mﬁ P\NV'A vcc,‘c’lo }'r ve( }m
&-' V=V é("_ﬁ):/\_r é?’U‘": /U‘-J it ”N/glct:“w C,O’W\POMM/\}_ wl'u\nuh}@\% F
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\q,tzMG(A‘ hmnd‘d)
C_%/_ ek e m)&}}am,ﬁ—w”‘wm)f"‘é W\Mi Eoemen L,MLMA Tﬁ'%; Ll ( [~ j)é»//‘)
- |, (A rer
Spoce £ ol mctl. $ohon Povachicnns on M s
{: ;g(b\ A2‘-\/’-7V\‘s

(t):\/—) K 4}(/\7-\):_é i eV S &k 4\7 ,@\;Nm /YV\u?

D—w'feh\/@/ ._ d - F=>I QA‘MJLM
() sy =280 rbdl) Jgel slek
(W 450 = S5+ 530y

“ ’
%éF S/C/\_/;):_. cC ‘\7L’T: C C.O/\m('om l_ PA/\C "‘(orv\}
sy d(ef) = cdlf) ,

|

= d(5)=3(54)= d6)- F+5I0) = SACIAICINT)

Lk 42 ) - 2edB) =d ) b N&a oL d(F) =0
= Lwvetives A Lol j@w\ck'ow) AMe. TS

2> b(_w\/l'\/e|—,'\/~o> D/\D/\A N Opmciw,e, g@ o ve(,|‘o1 1poe /(/\OM/\\VJ /1,71

Matteo Maturi Back to Indezx 87



Part 111

Curved space-time

88



General Relativity, SS2023 10 Manifolds and the tangent-space v3

Manifods and the tangent space: summary

We deol willh anecl M-J,W&w‘omﬁ c”, /vvvow{uwl M ik we eﬁw'\o with o otles

1) Manifold ¢ conlimwots nehof painbs £P3 1 with o subrek of open wWily 0,2 (,ovew/vva M
(«’Y"\{"‘M@W) M{HA]’PE\N}WQ\M\’% cﬂd\emu LDWUD

&%\.m\a&’_( te pmoofin

'Oo\/?M-/\:?I podh PEM Loy mﬁﬂwlm& O,

2) Chart/ coordinate system:

¥ Pe M T homomephiom b 0-Yek L=z doal=(0,L)

3) C"Atlas: 4) 0w0,v.-0, =M

2 4 0N 0tP = v PE 0D, hyol (%)= P

Differentiation on a manifold

mop £i Mot FC=P' 2 ponictlo i M, M fest fen!
s 5 (HoFor )XY ele Vo™ 6cf el e K"

Directional derivatives and vectors

/5}/: {(b'-/’l“) lR/ CDQE 5/9066 e‘#&ﬂ WH} aocvéaJL #ch}lmﬂ)om M

020K )by (N=p(R0)  porewmeln cute YilR-> M 4
,Q/:mmll IW\/Q-F )Y : 5:—9 R

_ g N R
_XLM d[0-1)- har )] = § al (oli) xm > 2 J; 8o og%? Jabuite prodick acte

R(X)

Tangent space MJEE%E Van buctone JA_ vee b opete
g, WG 5808 ffubie d b

Coord. transformation Z(RS = _= aX __,_
)\ J>\ é)(.vl J)\ A v |/"

Dual vectors
A MFT—> R vao\a arte MYT* Mnra@,g@/‘/\ﬂ_ /col'w/?em"‘orue,
. ‘) \M'. {QELOMBM/{'NF MPT |
" %u?% vowow MTT ALY
. o(&g/vw:.A&/) '\r*sé(/U‘, =) w'\fj?,\ mLut %MfT_\MPT* (l) o meed te "F(“% ?e/;
4) Induce a metric
f e ﬂMM 8(-,—)=’|’P—37;"' 8(47,—)-_2? 7ETp A&
TPxT,,—alP\ 5(47,&);@?,&7

!
5
=

8 L oh e lOl/&ML /ww\t) 5(; )

5) Introduce the affine connectin, covariant derivatives...
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General Relativity, SS2023
A theory of gravity based on differential geometry: General ReIatmty{

— Equivalence principle — yuvl'{avl‘t‘wwé %0@4 (=>  mon l.mﬂfll"(.o«Q M
/7 I/\w\ ZZ@/Q ~ M l\r\/&o\-\’/g/&‘~ m-e,\hn\g /Z (&,\uﬁow S'/oo Ce)

— Frame . R

™~ /‘/L,V\_, (ot DQ,Q ~ j)/wmb m\m‘c. 8 CUIUH/LJ O/)fbffe>

— Recall C[M/L" and Gauss theorem

. n’c["w'[?’ %"‘k N MJOUM,a/ 'f/‘;(bd &~ ax\n
Ty |

. (R =/My&dve&h8
) /VMGMAMHL U.flCdV\#e/\/ﬂﬂf‘Le,"#& cacke va Bl x—la rlﬁww-

S= mabial (cox0) <C=2TR
S = mom- l/V*Q/le/Q CW7"”) C-;L( 2R ) W\szwl '));ooe_

i
becomne “72 Mh@ W«i‘mc)‘ o~

—~ 2

. . —\
Can you recall the relationship between ¢« 7 and the Gauss theorem?
Tr

L) in flat space, becaused« 4 spheres have surface

L) But in curved space, surface of sphere # TR
=> deviation from ¢y« A

=> We need to describe curved spaces!!
%Vl'vba\«p/( %»&.( A caaved 5190@-&/}“{, [,P,\o.)w_cruzen] )o(-) 5

~ Space-Time .
?/Q/Jr > Wik f/w«y{wa‘_om ym can jﬂf A Mmoo B predin M\Zwﬁaﬁc

caved = Such trompf. mob poi ble e/w?»c@-%c , .ywea, Qaw’éea/ . mom-Cacl oo melnic
L, _,Q,Q,wwwm}wé uolw\nfwa ?Q:MMB b

Fune follig e

L3l f] Do
" s mwvdzwma

|
[N

3.
M 242,,:“ # Sz — v\
bnov\ve,o‘zm_vla

-~ As gravitational fields, g depends on the position XM

®
=

(g(x") |
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Curved spaces
\)09, deol. uu['/@\ o ok M-AAWM'OMK, Cu’, /w\,oMA?Q[J} M uz,\'J/\ N uiuw\’) wl']'L/MA ,o/uu

1) Manifold : comhfwmum M?P Po\'m}n gP; E:uut'l'ﬁ\ ~ nubred e‘f a\)w \oado SQ& (JOV@U’M’% M
. oM (‘kuwuh : (’JQJ» {)e[m}’ 1) J&m@ lm?«m}f/(a JM,M%?AL@W Od~CM
oedon ‘PmMckows DEP) com be o(a&mui A ml"[wwuh
-CL;%QA&A\{%M@ (Cn) : Qxlb)' ow&ﬂ PAAM&(’L'OM d)(ﬂ o Ob%,eqnm \‘Lw\oﬂe we/va\)t/?/ue_, ;
A (P €k 200 M PeM
e n/vaH/\ %W@/ Mo o\ﬁom‘"m\“leﬁ OZ
-covw'@ . oochh PEM Lien im o drenl ome O, O"

2) Chart / coordinate system:
You cam Jﬁ%m&- (/om,c\:/WOA'e, anl'mr) on mm%\o becrunne /vm/vu%n e ﬂnaﬂg WPL«‘C

MR, ie: WVPeM T W0l hemomeaphiom
b O opem bl Pty (cpomack inM)
i U.CIRM (‘JFPIV\r)l/f'l'm \RM)
2 h(Q)=§ x"3 Wg%«@l«
P m= olhmeurion (M) "H:“‘@l‘”“vlgf Pmml’éﬂo

(A b A vmuanklbbe frochinn) honli= (0, 1)

- in general there might not be one non-degenerate coordinate system to cover the entire manifold,
e.g. spherical coordinates on a sphere -> divergent at the pole but... you can use coordinate patches

- one chart might not be sufficient to cover a the manifold => need a "collection" of charts
3) C”Atlas:
A) OAUOZU... On_ =M (,-_a. %003) ol)@m Lqﬂ/} CQVQM'/\% /Vl>
) o 003 (ee ey andep) > 0 PE 00 ek, () P
e oon Reave nedndamoren bk me *ngorninbigion®
~ Domne (‘/ww?g_ L\d (Uk/\UP\: hP(Uo\ﬂU(Q

. Maximal atlas : ablas conloimin AL PM‘LJ&Q meol'ﬂoﬁe
danks , i.e. lmiblle comd - ol
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‘ >/00~ L /P/\M& 6? Lune DO'MPQL% /W\Q/W\MF[A y ,ﬂvo/w\m’b}}g"(« lhb‘ CL

'\W(LCQ/V\[;V\AMO&/Q,}D w*&m%lola ALQUANA, H\l, \/\
L Mﬂwf&% ) ‘7% opd My
!
Z‘b Dene we UUouu wwl.en. Howhow Ao PUWM [w?O(ﬂX\wQ r)))mw>
”e & w R kit Cutatd, /awn/A»‘x A)

Example of manifolds

. ]RM (yoh NI L:JLM hr une JD@{ Mwa e becoune ;(' v /vw\’ moe}\bwv?j
_wd W"“WJC;’L’&

Example: NOT a manifold: surface of a cone ‘

Example: Euclidean space, surface of a sphere v
2 3 v 7 2

Qoo - S5 G0 xR )€ R | (e (0)+(9) -1

- Q-UU:UU:UU;UU:U U; \)::E i(xﬂl xil)(s) ¢ 5’-\ £ x > O%
Qoo Dy {0 ER] G4 00) 1,13 ) (6tf o)

N T N E X
4L

1 \)/\Jsjt(_\\t‘ww\ L({L UT)_U\/\ Dtaé\\’kl /—]\/
tﬁ\&’)f‘é@b@ /mﬁxu& ey &DaLJéc/-

L\ I‘,L-a /(Dip,’p_jm'h.w 4 52:
(0, x5x1) = 3ologun f faslors L2048 sz pummin  the et

GATGASFGA) =24 A com buaim

obvisun

= Foq_ VL‘,WL,QZ I‘).-:unPo’l—!/J 'P/‘e/vﬁ we ore Mm]yec(ﬁl; S?_ A o BDqPo._Ce,
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« Differentiation on a manifold

- Not obvious how... manifolds are 'just' a set of points => how can you define derivatives?

- Manifolds are IocaIIy Ilke lR => you can differenciate and integrate on a manifold
2— /W\DV\MM’) M M (P"W"e “r /enlod's £ AM/QMAF/(AD)
mop F i M= M F(P)=P

goFoll I — K™ 56 (1oF ol )(x) =k [F(R]
b, =G (WoF ol )(0)  we Ueh” Ul

- m{ J\AA}' ,of,o'ouw) l'u— (,ow?ul'e, oLQN‘Vo/}:\)eJ) uolH,\ ILP/)])QC;_ l’rp— P\m
- F tn o bﬁ v ‘/\“\/‘\(5 d\ﬂ-/wwih I/:GSS"‘;;: UA—7 U; l';F i» wam }:et W#AJJUOMQ&JO&M«A

* Directional derivative

D%uohue °‘€ ~ rJU:veA/L QAMC,['(D’V\ ,«aﬁﬁ/v\é,@ ?QH/\ O'\AM tﬁ-o’%% ? éM

/SDJZECID‘-M‘?]R/ CﬁE speLe b‘#mﬂ rwwmd\oovema %A«J:MWM
¢(P)=3 eR d):M“)lR Wobﬂ\;j\w@oﬂ .Plzmc—}‘\oﬂ« (M}I/l\l\(g ;\R y . '; R
X(/\)’—B (:R—>M poromeli cule C=IYNemy C=p m
W)= 020k omomepbpmn o B hrk (0,0) .
Y()) =(<1>(?L")°([|:3y)(x)= ¢ (Xn) J)M,}o« EXPWKJ on 2 Jurclion of A &1@«5 e cunve
() X(X) = ()/\ W)C)\) Cunve U mw])-@ml w [R"
(2) ¢(X = (q)o),fl)(x) .#umc,ha«v\ & aX‘D/\%l/OI ) #MW}OM\ qﬁ? X7
_ﬂ N = d[§ol)e (¥ )N ) 2 HO8H) Domvalie £ & e peth
)\ °|>\ X(\‘) :I \f&iéo 4 4h /QMO{ QVQLA@"@.J I:/KMZ A

; ’ — J J J_: — - an va_live 2l 4 o\-M
w@.bw} > 58| R duedinel deiekiv o < goinl P

'mwé Fl0 You «Q»Ua Cﬁoﬁx,ngm ”&”8 He tle cuave X} e, e Fonn f‘q,?u\Ho— He cunve
IM &AO&;{)SOJ\BD nra,oe Wu /V\MXL\/L Dove e i?-;\—ra /\_J‘v-—-/lrv(go
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Vectors as directional derivatives: the tangent space

’ I-Lew GLS’ we o[e,?/\-ne vecf-m_o oM Q_ /W\ﬂw\/\'#’{hl? /U°|_3Lv1rou/)
0 ((er,M'b.,Jl co«o"fw(,kom : vecto’z. = A@.A{M .,(w‘\/a.kve,

spoce of ol smeth aban Pchionn o M Fafo Mo <} 6()=2 eR PEM
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j_A =T SR v 4{; §,  Vechn: 6) Limesr mmep obayint () bl prodick sste
TR 163 9=t m = i (1) o pood benia aaf MT
+ Bupehien of vechiar (davivehivn)
1) Biacn musp - 15 (25e88) = 2 (5) + par() }lgé/’F < pelk
2) Pl T prosluct nte : w (58)= Far(g) + 5 A (%)

e v . lves. .. a. - d ~§d 43 _ Sar .
LMH«a devic| 5 U D)A(a‘g) :‘ﬁ%ﬁ Sar(§)+ $ar ()

'—Damé)‘ L;E/P/w\/e, AN vec I\o’m
%«‘v&v\ d d A/\‘m.okkfw.} » A—E O(dJ_)\+P%K ﬁ—cl/'wech\(ywj ote/m'm"l.vc? Cﬁecé);
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dissy (i d L ad _JGD) L A ¥ . ~
R N TR
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A

o V-t ‘OQIMI) . CSV(—) = _é_L(.—ﬂ;\)) Veci.db CLETPJV\O\I‘ own H& \/\ 3‘): /‘F/—"J R
& MO (deidive olengHe v “asis’)
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Generic coordinate transformations come for free M d/el'Lyvm'}% P/\niml‘mzc
b by condimote boin boned on e deant hamd kg

= (-0 =X F) e
¢ Coorrdimale hoans : iy
WM _)?: (‘/\OL\I )(;(‘)5 Y()_(I)
l A
J X %
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>\
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/f-lﬂdmﬁnamh%,WJ—%
S MA> R sioher fuochon  §€F (M)
T R AT B@)2T6] FeMT G M Ao

J:W La il wachion on o vecka

I/'A/uxwozeo% I VZC\‘W) we IX/QM)_l '1/:)" = /MJ_ 63/4 Wl‘w ’I.AA)J’(A—}-‘) = /IN/;’V/A
we bhad : ﬁ—(,\) ‘ AY(D‘ —é’Cm
JA 6)(" 56
Comnlep L S (bl ConmPonn N . M:"
o bty ur'= L6 m)m porarb of P diflpenkial - (=)
Ao, = A0 @, ()] 2 dx” bows 4
r &X/A ID

h(f)
N A-flomes
oy = AN ol x/“

/A.

= 4‘{2d\ﬂw>m o(/% E/v\l‘l‘bfl)

Cotangent vectors = dual vectors = 1-forms

MO iy s oy Bt okl anin

- T mbroolice VR Bmsor amep VAT Jorsinplinl
VA E’U*i FA nbwé{'une. #—wvafs\ npee vLNwQ-nr“Ge “t V

‘ASSWW\&ALIOQN;)#& V=5ark Lol bows ook of M(T

-D«,{%«L horin {La_ AVPSIN Sy o w o w MTY wo(e/)!:g/,=5/; :—;;A
+ O coun ollow i (V) = dimn (V)

. dee;?ofvwlqmce, wV e e, =2 (nmmdl—\)ff\;\nm Lel'wwv\ V /qszL \/*r

J
bub it dapends on tu, duoice @ b onin neh Seof

" reed o %@Mob\m fre , 2 Pmlﬂﬂ
Jusl nek o M‘A&\ barts & dmce o WJ
A
~ =kyuwe7 The muabric i mdportod. e mowifotd ]
— e metre nTqu?Aoo Fle (MMSL[»EXM\L chuee. V and VY
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4) Inducing a metric on M:

- Equip M with a metric:
&-'MAL /@M/m@/{b 8('/")11;_37;* 8(47-/'):;\7_ 4_"6’]; e P ’U_t':giJ"V‘)
'8: LON 2 lo:,&m,m_ /WW»P 8(/)7},7(—]—?;)""{ 5(47/&_)5<4—F/G7
4514 >=0 = J?New. W—&%ﬂw% qYMe
o .
mu,\wwﬂ bonn f_e,/j o’+ Mt’T \‘Ji &(Q/"Q\A:éi'i m ?GM
- To define distances, volumes, norms of vectors

- The metric is choosen to fit the physics we want to reproduce

- M ,Thas a "flat geometry" ---> Minkowski metric (locally!)
P
Minkowski because Special Relativity must hold in /"\ﬂénce a suitable frame is choosen (free fall)

- Carefull g is induced in P, but all P are in general different vector spaces => g depends on P! 8,.\, (x")

~ In a real gravitational field, it is IMPOSSIBLE to define one transformation such that 5([’): »Z \/ ?éM

-You can do it for each P separately, each P with its own coordinate transformation

. AU«K ‘]-X/M‘o W) AM (La- Iﬁ—(/e* WJ& Pot‘,u\l"o PGM Mpw%
X\‘W’V‘ W('Lm ‘)DK/"\,» ﬁéM ms \y/o,a }: Mwal-yl‘e, //I?T w{l’_ﬁ\ M,{T le. /’\_rP1_4’77 ()?

= Meed Mmu,w owac"we, . e tommecfione = fu.ow rAOAN)Fo'b’- 4?‘»04« P [&7

>

5) The affine connection, covariant derivatives

- Every point on a manifold has its own T[;

- l.e. to each point is associatate its OWN vector space

- How do we relate vectors belonging to different vector spaces??
- We make invinitesimal 'moves' -> differential geometry

- Parallel transpor to "move vectors around"

- This is given by the affine connection, see covariant derivatives later on...
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Abstract index notation
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"APPENDIX"

Recall: a vector space is a set, V, combined with a field, K, and equipped with an
addition and a multiplication with scalars (if the sum and multiplication are
distributive and associative, then the vector field is called Abelian).

V=§7

+: \/X\/“h\/ +(47;_47’—> — /17-|~/\7r:a 7\7’(/1’/}/&\6’\/ W/W\dgvcc["a’lb fAA-VaCh"L_
UV =V (3, ) = er=m sel salo veckt «
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id’a@ ‘W\*M“’/"l A Cp/wa \}P ‘P@- EER PAkb‘]/ Ci)e‘/‘/l%/’( ol,%w '
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b o Pt Prcd, 0 R>M i e v Hzm,,gx, Pok £=0, &u(A=P (collid bt d &)
/\r|y = }‘O\MZJU\I' b Hus cume_ of =0
=> vecl'JL ,?/0@ > Sii’e-s

jm[',o_ .FQ,Aoa \x/ma fo :61,.,«@,}@, cunen o M \‘%u% ~ QLW
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Physical insights in the tangent space

- A tangent space can be associate to every P ¥

- Physical meaning: locally, manifolds have a Minkowski metric

- You need it: in any point you can have a free falling observer, i.e. you can set a
reference frame such that no gravity is felt <-> flat space-time

i.e. 3a coordinate transformation that transforms the metric 31 the vicinity
of a point Pinto a diagonal form with only +1 and -1 as elementrs

- In curved space-time (i.e. with real grav. fields.) yu can not define a transformation that makes 8 = ’l( \/ PeM

— In P the S.-T. is Minkowski, in the surrounding is locally Minkowski
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Validity of the approximation to flat geometry
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More on the impossibility to have a Minkowski metric simultaneously everywhere
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Affine connectin and covariant derivative: Summary
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Issue with "standard" derivatives

Partial derivatives are NOT good tensorial operators on a manifold
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Covariant derivative and affine connection
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Transformation of T‘
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What about covariant derivatives of other objects?

« For a scalar (gradient):
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Commutator of vectors
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Torsion free: the 5th condition
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Metric compatibility, a 6th condition
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We now make the connection unique
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Other operators
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Few other comments
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Some more insights in the affine connection

- All what we said about vectors is valid in the tangent space
- But what happens when we move on the manifold from a point P to a pointo\ ?
- How can we relate two vectors belonging to the two tangent spaces’l}; and —Ez ?
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» Link between %‘,C/,u T,: X,w
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A slightly different look at the affine connection and the covariant derivative
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Appendix
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Parallel transport

Parallel transport = move a vector (tensor...) along a path by keeping it "unchanged"

In flat space-time:
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Geodesic equation 2
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Geodesic equation from variational principle

- Length and time intervals: M= Ot(x°)
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Is there any physics?
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2) Free particle in Special Relativity:
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3) Free particle in general Relativity:
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4) Generalized momentum
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5b) 4-momentum conservation:
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6) A force !? No, but we 'perceived' it like one
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7) The way around... Geodeisc equation in Newton's gravity
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Weak field limit
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Affine parameters
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Final remarks:
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The Curvature of space
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Curvature map
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Curvature / Riemann tensor
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"Alternative" derivation of Q
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i
R 5k With @ Riemann connection
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Appendix

Homology and homology group
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Existence of the curvature tensor
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Geodesic deviation equation
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Quantify the relative acceleration
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Contractions of the Rieman curvature tensor
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Other related tensors

« Weyl tensor
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Summary: all our important tensors
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Conserved quantities
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Killing vectors
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Lie derivatives: introduction
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Pullback / Pushforward ‘
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* Pull-back, push-forward for tensors (\ﬂ by &:
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Diffeomorphysms and symmetries of a system
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Equivalence of physical theories
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Vector fields, diffeomorphisms and coord. transformations: flows
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Lie derivatives
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+ Components of the Lie derivatives (applied to a vector fields)
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Lie-derivatives and killing vector fields
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Appendix —
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Strong equivalence principle
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Electrodynamics
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Cavoum D /\ bLf/eﬁfyzmoe

Charge conservation
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For electrodynamics, so good so far... what about energy-momentum conservation?
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19 Energy-momentum tensor v2

General Relativity, SS2023

Energy-Momentum tensor
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General Relativity, SS2023 19 Energy-momentum tensor v2

~ What is the meaning of T/
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Energy momentum tensors of a perfect relativistic fluid rem;u,} = Mo Jeok comdinchion
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General Relativity, SS2023 19 Energy-momentum tensor v2

Again but now on an arbitrary manifold

1) Euler-Lagrange equation for fields in a curved space

- E-L va j/«'.vv) you the 2/74/%/\/0]'/04/\ sf -~ n?/)}u-\ .o(ww'lo{xj La Py WM\
Al s )2l sey) > LW ) Repenpin dily
éé, o alon f/:ﬂ : malben J,e/vw\}’a S(X/")

é(j} v:c/'m_ %WU - A-Fe}'w}‘lbﬁ N (/&c J}woézmawm A’M(Ko)

. m A = iwvoriont volume Aol v comd. fmmﬁ
oEumL e hio ?A/;AAC/(PEE, > EJM—W °- (»#m/»a*'"%g/w)
DS = ag&ﬁ’m

‘= S8 Dyl §£Wiv>—
g<<3“k"w+g«v,-b QIR Bhesions

\v4 D/\{’l > g_)j\— —vv é_f: =0 m’w eq. im (/UUIV!A npote
SRR (L ‘

g)(—W?LG,:/V\!W\LVWQ 000141’1?/«21—4‘]

LI} A Lyl
X=—’1—28<D”A|'/V/A"H'ZM"W __ZV/M/YV/‘J’ ;i,w\y =0

(R4 entt)ttmo DV amY 20 (0rm) -0 Whinlordm o
_@‘{L ml't(ﬂ.e_ \)L.l'u%/wvﬂm s
¢

Matteo Maturi Back to Index 160



General Relativity, SS2023 19 Energy-momentum tensor v2

2) Energy-momentum tensor
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Einstein's fields equations

* What do we know by now:
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Identifying the candidate symmetric rank-2 in the field equations

(1) The simplest object:
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Weak static non-relativistic field with R_,- 4
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The cosmological constant

. P\JQL«.M H’,{ mwf we W,k) . A/o:\/ﬂ;\;
) /VWM}'M,PLcl‘ —/vmww}"uw_ Comr Vo ko Y?\,'f;qo—_o =) \7\,A/M>=O
- A—/Nﬁ. noamb-2 thMb Few 02 /@‘Wdl. (i (qr }'o') ,a/fu@.w)” 2 laiabive, 4 &,«o

=5 We R Pum h— ol anm oddfionod Foame PAnPlem/Q ke 8’”
Ls O}Lotw've)“[ve JJ,N
L> ‘ZC—KP—FV\,Q)"‘F:O (OK ‘) ]oec,cuw.\e uﬁ M\L]MC om»\\?o]‘ll)u&}} /UWAMF Lon

R/MJ%KSJ\V_F/\S/‘V = %—D\v ZWIMVen/)u)é UD'W)}M\:L) &«t&& M;/”G/ /\R{
\ /,\ ,c’t\n_fl‘lbm MPWQ/MUA
w}m:/{hycaﬁ C,cymbqﬁnl_ Foam NER g\kefl, uwol—

tollows = Shhe wwivene (whik&omboin fohed fa) ) 0k E[}W@M
- A‘CCE/&AA/I-?/J ZXVW(W 3 d{“/\

mebm: R i /wo\'/w_ (PO s«u\t i+ Rﬂ/\(xv) whteo . AER c»wa}‘

' p\v'ml’o/x]‘yl&km% AN /VboiL \DO/zIL #OP/(M%, bu b o source Ferm

/__\5
R —zRaf\,‘f"/\g_/\v = m_T;‘V

R AR s ST A - TS (T,-£0y ) o T2y

baie g

= M%Mw] mww]'w D{Z vaCuumn [:wo/al«‘c,}'eA La c]u/nm)’wwx %b&‘ IF/BQW'%

Quonfin mschitn: homanit ithobe (hapuncy ) =2 i il sregey E,-0
- 7wum ll'?-e,o( NV &, = %tw
- ?M/OVV\,’WW\ AN (,:rdnchbmwﬁ \'Mpm'}e, s b e)l o loton
- 2adr medle tombrvibuten te He SMWM( obate o = o = m"# sk L@L W
> mobunol owle. N mf mpar0?Gel/ = A0™
> Commolabicd bovvatiom : A>O bk it is 10™° Foen omaldn !

= PdV)*\loﬂe os&«l'lfamz A=0 bLul Hew ¢ %lﬂ = donk m%

Matteo Maturi Back to Index 165



General Relativity, SS2023 20 Einstein equations v2

Are Einstein's equations sufficient to constrain the metric?
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Can we have gravity (curved space time) with a 2 or 3 dimensional space?
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Einstein field equation: variational approach
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» Including the source term (T‘,u“h}m)
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Energy momentum conservation and diffeomorphysms
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21 Einstein field equations via variational approach v2

- Energy-momentum conservation and gravity
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Appendix
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Uniqueness of G.R.: Lovelock's theorem | (1734)
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Equivalent (extended) theories
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Brans-Dicke theory
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Linearized field equations
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» Applying Gauge transformation to furhter simplify (Hilbert gauge = Lorentz gauge)
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Gauge transformation and perturbative approach
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General Relativity, SS2023 24 Nearly newtonian regime and gravitomagnetic field

Nearly Newtonian regime
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General Relativity, SS2023 24 Nearly newtonian regime and gravitomagnetic field

Going to an higher order: gravitomagnetic field
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24 Nearly newtonian regime and gravitomagnetic field

General Relativity, SS2023

» Equation of motion of free particle in grav. field
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General Relativity, SS2023 24 Nearly newtonian regime and gravitomagnetic field

« Analize torque excerted on a small body ool bo.
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General Relativity, SS2023

25 Gravitational waves v4
Gravitational waves

« Homogeneous linearized field equations
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General Relativity, SS2023 25 Gravitational waves v4

¢ Identifying free components of éw
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* Polarization states of GW
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Motion of particles in presence of GW
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25 Gravitational waves v4
Waves and associated particles
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General Relativity, SS2023 26 Generation of gravitational waves

Generation of GW: summary

- oﬁmﬂl e b pe fua bt es votace

D?f/m?:‘ IGCL'AG_TN Hﬁt 90wl & t;,T/V = we (WWM O-&]’l\%
CdW‘oL/L L@KZCJ ?QJ‘LA:.MG? MW /wjal‘\vtol'l(\, nolnee_

Hifbet W M,.ﬂa

yrole) < AE (TR RALT) py

ct x-x'] > [%-X'| & 17]= 2
v t %: \x-¥'| ~ - & -
!jTigT/“(b—"L/é/z)Jlx‘ Yo\ T2 v (e c) mow_m‘

s >S 3 L , (&T7-0
LG (L oo 3 T Ik = 51—16 gTabxex‘* d'x _
= £n étg [ %% dx k 2er t g;j(‘rfx‘x“)el%x:o

| s“ﬁk&a | %Mmﬂb@w

T = S’CL (0/&Uo uc/& m.}fm)

=) GW emmmron lIQ B:IM?‘ 0 | ”J\wvj( [~ 9)/\»,[76 g%— ma/wvu hﬂ‘c r)olma-;h\

— Lvnegy CouMAwJ L‘\ =y Gb(/
/) U
mied b Doggh 27 tw b [k L §T7 %0 5 e w@

(1) )
5’”:7’“’*)'/[“; lA/*V > He Pt
(1) (0 (7-) w\ (1) (2) - 6_
C"/V(”Z*L‘)’Léw(”l*m“: G/V(’Z;’—A ) dp.’:‘_gv )
_/ t =_ < 6_“\)’( L,)

Elg f.,o JBX }u\’oﬂ w% ANy wnlp_poe, J{L OCWfJ\'eMI" \-l\/V"C/ z

Ag:iﬁ/ W N sy il gl b iy

Matteo Maturi Back to Index 191



General Relativity, SS2023 26 Generation of gravitational waves

Generation of GW

— There is a vacuum solution, GW:
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Example: binary system
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Energy carried by gravitational waves
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» 1st detection: GW150914 BH-BH mym
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Spherically symmetric systems

« Spherically symmetric metric
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Coupling metric with source: gravitatinal field equations
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Schwarzshild metric: exterior soution
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Particles in a Schwarzshild spacetime: summary
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Particles in a Schwarzshild spacetime
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4) Cyclic coordinates, conserved quantities and effective potential
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28 Motion of particles in Schwarzshild space-time

2) Effective radial potential V()
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General Relativity, SS2023 28 Motion of particles in Schwarzshild space-time

* For massless particles: £ =0
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}) Equation of motion (radial)
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Predictions for the Schwarzshild metric
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Gravitational redshift
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General Relativity, SS2023 29 Schwarzshild black holes

Schwarzshild black holes
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General Relativity, SS2023 29 Schwarzshild black holes

¢ Light cone while approaching the Schwarzshild radious 24
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Kruskal coordinates
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« Kruskal diagram: (u,v) plane
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Appendix: more about horizons Coand. 6.2
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General Relativity, SS2023 30 Reissner-Nordstroem solution and black holes

Electrically charged bodies: the Reissner-Nordstrom solution
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Reissner-Nordstrom black holes
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Explicit derivation (no magnetic monopole)

1) Energy momentum tensor
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2) Maxwell equations to constrain [:QL
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Kerr and Kerr-Newman solution
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Kerr black-holes: singularities and horizons
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« Killing vectors for Kerr metric
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2) Photon, initial tangential trajectory
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31 Kerr solution and Kerr back-holes
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Figure 11.5 Trajectories of test particles in the equatorial plane of the Kerr
metric. All orbits begin at r = 10m and ¢ = 0. Top: Orbits with angular
momentum L = 0 fora = 0.5 and @ = 0.9. Bottom: orbits with angular
momenta L = +2 for a = 0.99.
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Relativistic cosmological model
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Dynamic of the universe: a(t)
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« Important quantities:
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* Multi-component cosmological fluid
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Cosmological distances
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Explicit computations
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PART 1: Intro UNIVERSITAT

HEIDELBERG
ZUKUNFT
SEIT 1386

Newtonian gravity:
1. Newtonian gravity: idea and problems

The equivalence principle:
1. The equivalence principle, gravily < non inertial frames
2. Predictions: gravitational redshift and lensing

More then Newtonian gravity
2. The most general classical non-relativistic gravitational field
3. The link between @ a r-1 and the Euclidean space

PART 2: flat space-time

Special relativity: Minkowski space-time
1. Special relativity, the need, the idea and the the Lorentz transforms
2. The Lorentz geometry and the Lorentz group
3. Groups, Lie-groups, Lie algebra applied to the Lorentz transformation
4. Relativistic mechanics

Attempting a relativistic linear theory of gravity
1. Dynamic of a particle in the field: perihelion shift problem
2. Relativistic linear theory: dynamic of the field

Approaching general relativity: gravity <> non inertial frames
1. Recalling the equivalence principle
2. Non-inertial frames and the equivalence principle: example, a rotating frame
3. Connection between gravity and the metric of space-time
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PART 3: curved space-time

Curved space-time

. Getting formal: scalars, vectors, one-forms and tensors

. Manifolds, geometry, Riemanian geometry

. The tangent space

. Connection and covariant derivatives

Torsion

Link between the connection and the metric tensor

. Parallel transport and the geodesic equations

. Curvature Riemann tensor and Einstein tensor

. Geodesic deviation equation

10. Conserved quantities, killing vectors and Lie derivatives
11. Strong-equivalence principle; electrodynamics in curved space-time

1
2
3
4
3
6.
7
8
9

Field equations
1. The source of gravity: energy momentum tensor
2. Einstein field equations, Einstein's approach
3. Einstein field equations, Hilbert's approach
4. Is there one single theory of gravity?
5. Linearized field equations
6. Nearly Newtonian regime and gravitomagnetic field
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PART4: applications

Gravitational waves
1. Gravitational waves
2. Generation of gravitational waves

Spherically symmetric systems
1. Schwartzshild metric
2. Schwartzshild black-holes
4. Kruskal coordinates
5. Reissner-Nordstrém (electrically charged black-holes)

Axially symmetric systems
1. Kerr metric (rotating spherical objects)

Cosmology: isotropic and homogeneous universe
1. Friedmann(-Lamaitre)-Robertson-Walker metric (FLRW)
2. The cosmological constant and dark energy
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Mercury's aphelion

Mercury's
perihelion

Orbit of planets

- Perihelion shift
Credit: SSU E/PO Aurore Simonnet - OrbltS are not Closed e”|pseS
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Orbit of the Moon
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- Lunar Laser Ranging experiments
- Orbit of the moon, 1cm precision (geodeiscs)
- Nordtvedt effect -~ NO => Strong Equivalence principle is valid (within the errors)

Apollo 11 Apollo 15 LRRR
Lunar Laser Ranging Experiment

Apollo Program (USA)
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Orbits of stars surrounding the super

Orbit of stars Surrounding Sgr A* massive black hole of the our galaxy J
-

-0.02 -0.04 -006
RA. [

astrometric and spectroscopic measurements. At the left, you can see the position of the star (blue points) on its trajectory around the black hole
(black dot). The depicted motion is clockwise from early 2017 to late 2018. The picture on the right illustrates the velocity difference between the
Newtonian (dashed line) and relativistic models (solid curve) and on top the residuals (open circles).

Source: GRAVITY Collaboration, 2018A&A...615L..15G and newer data
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Gravito-magnetism,
Frame dragging, Lens-Thirring precession

Ultra-accurate gyroscopes

Suspend each spinning gyroscope in the
exact center of its housing, a mere 32
microns or 1/1000th inch from the side of the
housing.

Frame-dragging still image from the gravity probe B video by
Bob Kahn, James Overduin, Lee Kolb, and Greg Trent

Guidestar THE GRAVITY PROBE B EXPERIMENT//’”’

IM Pegasi
(HR8703) _Frame-dragging Precession , 642 kilometers
39 milliarcseconds/year 4 (~400 miles)

(0.000011 degrees/year)

e

[

Geodetic Precession
6,606 milliarcseconds/year
(0.0018 degrees/year)

GI {’R

&}
P IT_((U R)f(u:|

Geodetic Precession Frame-dragging Preqdession

IM Pegasi
[ ]

UNIVERSITAT
HEIDELBERG
ZUKUNFT
SEIT 1386

Geodetic effect
6.6 arcseclyr

~Frame dragging ]
0.041 arcseclyr/’
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West—East relativistic drift rate (mas/yr)

North-South & West-East Relativistic Drift Rates, 95% Confidence

Four-Gyro Weighted Average Results

Geodetic (N-5): -6602 + 18.4 mas/yr; Statistical Margin of Error: 0.28%
Frame-Dragging (W-E): -37.4: 7.3 mas/yr; Statistical Margin of Error: 19%

Einstein Predictions

Geodetic (N-5): -6606 mas/yr - Frame-Dragging (W-E): -39 mas/yr
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Gravitational redshift - time
And the Global Positioning System (GPS) SET1386

Velocity

Total
rraction
eded on
atellite

Time runs
slowbecause
of welocity

Time runs
fastbecause
of weaker
gravity

© Believe It Or-Not

Test of Relativistic Gravitation with a Space-Borne Hydrogen Maser
Vessot et al. (1980)

hydrogen-maser frequency standard in a spacecraft launched nearly vertically (gravity probe A) upward to 10 000 km
observed relativistic frequency shift with prediction is at the 70x107° level.
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Gravitatinal lensing

Mrry age UNIVERSITAT

HEIDELBERG
ZUKUNFT
SEIT 1386

source

1919 Solar eclipse Eddington and Crommelin expedition

Credit:
ESO/Landessternwarte Heidelberg-Konigstuhl/F. W. Dyson, A. S. Eddington, & C. Davidson
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Strong gravitational lensing

- Measure distribution of dark matter

- Investigating modified gravity

- Cosmological constraints

- Magnification of the most distant galaxies

Gravitational Lens G2237+0305
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Rafsdal supernova: cosmology =
B ZAD
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Time delays

Space crafts, radar Time Delay:
- to Viking Lander on Mars (1976)
- to Cassini spacecraft toward Saturn (1999+)

Cassini-Huygens
1997-2017
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inment, Inc. and Paramount Pictures Corporation

Compact objects:
- galactic, stellar, in between (primordial?)
= A Coeo o strong field (not weak field)
Lo gy b SR R R B Dowiar of gravitational waves
- Gravitational lensing
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Event Horizon Telescope (EHT)
interferometric millimetric image

Elliptical galaxy M87 (optical, radio, X-rays) Center for Astrophysics; Harvard & Smithsonian

Super-massive black holes
Active Galactic Nuclei

.
", NASA, ESA, S. Baum and C. O'Dea (RIT), R
Perley and W. Cotton (NRAO/AUI/NSF), and
the Hubble Heritage Team (STScl/AURA) -
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Gravitational waves

1T
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Hulse-Taylor binary
PSR B1913+16
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binary star system composed of a neutron star

and a pulsar

Current orbital period: 59.02999792988 ms

IDELBERG
KUNFT

T T
Inspiral

— Numerical relativity
mm Reconstructed (template)
T T

Merger Ring-
down

< s60

1

— Black hole separation
=== Black hole relative velocity

1 1 1

Separation (Rs)
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Time (s)
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Ground base interferometers

LIGO (Laser Interfc er Gravitational-wa ,
e e GO o
f two laser interferomerers located thousands of kilomerters
1 i ey, It el e it i I8t
e, TUTEO) s b iy st Gff e e
of e el iy b gEroten | e, T e Bkl
57 e U8 Wpritiel] atestss Rk, el i i sz

Hanford

nce of LIGO. There are also

other gr. onal w vatories in the world, including

in Iraly and GEO 600 in Germany.
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Laser Interferometer Space Antenna (LISA)
2034
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IPTA-International Pulsar Timing Array-Clockwise

- nHz gravitational waves
- binary super massive black holes

Nancay Radio Telescope, Nancay, France

- _cr‘ed.l-t: Devid); 1hamp|0n Green Bank Telescope, WV, US

Parkes ¢
Observatory,
Parkes,
Australia Ny
~ e = wg\\
i WSRT, Westerbork, 3 Effelsberg 100-m Radio
GMRT, Pune, India Netherlands Telescope, Effelsberg, Germany
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THE SPECTRUM OF GRAVITATIONAL WAVES @esa

Observatories Ground-based " Space-based observatory { Pulsar timing array Cosmic microwave
& experiments experiment * ; background polarisation

Cosmic fluctuations in the early Universe

A

Cosmic il —

sources Compact object falling e -
onto a supermassive I
Supernova | black hole Merging sup

—e

4 J

*—

Merging neutron Merging stellar-mass black holes Merging white dwarfs
\stars in nt%ergalaxies in other galaxies In our Galaxy
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Cosmology

galaxy clusters

Tonry etal.
2003

Riess et al.
2004

200

<)
e$
,Acce\/ 3‘\(\9
= et

10

Hicken et al. (2009)
Kowalski et al. (2008) (SCP)

Riess et al. (1999)

Hamuy et al. (1996)

Miknaitis et al. (2007)
Astier et al. (2006)
Knop et al. (2003) (SCP)
Amanullah et al. (2008) (SCP)
Barris et al. (2004)
Perlmutter et al. (1999) (SCP)

ltzman et al. (2009)

Cluster Search (SCP)

0.2

0.4

Radiation
0.005%

/
Dark ;lg' r

+
Seed Perturbations
(Inflation)

3
BaryolLeptogenesis

Chemical Elements
(other than H & He) 0.025%

Neutrinos

Stars
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Gas
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Dark Matter
25%

Dark Energy
70%

Edward W. Kolb
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Euclid

Understanding dark matter and dark energy

Space mission in L2, 6 years
Launch: SpaceX, Falcon 9, July 2023

Instrument:
- 1.2m telescope
- VIS: one optical band: r+i+z
- NISP: infrared: Y,J,H

Map the entire extragalctic sky

Gravitational lensing measures (cosmic shear)
Clustering of galaxies
Galaxy clusters as cosmological probes: clustering, mass function, ...

Scaramella et al. 2021

Dec. (2000)

e )
= Euclid Wide Survey chronology (2.5Kdeg.’/yr) I "

R.A. (2000) | | | 2%
:zé! 2

ThalesAlenia
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SEIT 1386

Matteo Maturi Back to Index

262



General Relativity, SS2023 33 Conclusions

UNIVERSITAT
HEIDELBERG
ZUKUNFT
SEIT 1386

Some of the constraints we expect

+known SR PRt ] +known SR 7770
+Planck prior C——— = +Planck prior ]
S5g L ® L 5 5q

08'5 IlanllllallIIa‘nlll]l‘tlllnlllllntlllnl‘
03 0305 031 0315 032 0325 033 0335 034
Q

m

Sartoris et al. 2015
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Thank you,

enjoy gravity and the universe!
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Conformal transformations
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