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Nice to meet you:
  Matteo Maturi, Madonna di Campiglio (Dolomites)
  Center for Astronomy & Institute for Theoretical Physics
  Cosmology, gravitational lensing, galaxy clusters
  Involved in Euclid, KiDS, DESC-LSST, J-PAS

Contact:
   maturi@uni-heidelberg.de (Matteo)
   nussbaumer_n@thphys.uni-heidelberg.de> (Nadine, head tutor)

Lectures:
   From April 17th to June 21st
   Monday 09:15-11:00 (INF308/HS 2)
   Wednesday 09:15-11:00 (INF308/HS 2)

Website, Uebungen:
   https://uebungen.physik.uni-heidelberg.de/vorlesung/20231/1666

   - Literature
- Lecture notes
- Additional material (slides, pdf files,…)

` - Tutorials / Exercises
- dates of exam and all…
- answers to possible questions

  

Tutorials:
   - Subscribe!
   - First tutorial next week!
   - The exercises will not be corrected and no mark will be given
   - Ask the tutors and comment your solutions with them!
   - It is possible to hand in exercises to get a feedback

Exam:
  Written
   Same style of exercises

Admission to the exam:  (50% attendance + (3 points)

1) attend at least 50% of the tutorials (your presence will be registered). 
If attendance < 50%, it is required to hand in 3 full exercise sheets that 
will be graded.

and

2) gain 3 points by:
  - 1 point: present at the black board at least 1/3 of a sheet.
  - 1 point: actively participating in the discussion during the tutorials

Welcome!

General Relativity, SS2023 01 Introduction
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OK… but what is it all about?!

Curved Space-time

Gravity as a manifestation of space-time

Many implications…

- orbits
- frame dragging
- gravitational lensing
- Black-holes
- White-holes
- Cosmology

General Relativity, SS2023 01 Introduction
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Why do we need General relativity?

First simple consideraation:
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Issues with Newtonian gravity:

1) Kepler's law: closed fixed orbits...  wrong!
e.g. Mercury's precession   43"/1000 orbits
       PSR 193-10         4"/orbit
       PSR J0737-3039         20"/orbit
       OJ287         40deg/orbit  :-0

2) Gravitational lensing is not explained: m_photon=0,
    even if you force m_phot!=0 you get the wrong factor (alpha_N/alpha_GR = 0.5)

3) Gravitational waves are not predicted

4) Time dilation is not predicted

5) It is not a covariant theory, not Lorentz invariant under change of inertial frame

6) It has no retardation

7) Superposition principle: ... wrong, gravity is a non-linear theory!

8) Energy is always conserved... wrong!  e.g. expanding universe

Why do we need General relativity?
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Few observational facts
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Gravitational redshift - time
And the Global Positioning System (GPS)
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Credit: SSU E/PO Aurore Simonnet

Perihelion shift
Orbits are not closed ellipses
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Credit:
ESO/Landessternwarte Heidelberg-Königstuhl/F. W. Dyson, A. S. Eddington, & C. Davidson

1919 Solar eclipse Eddington and Crommelin expedition

Gravitatinal lensing
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Strong gravitational lensing
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May have appeared 
here in 1995

May appear here in 
2020

  Time delay (Rafsdal supernova)
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  Time delay (Rafsdal supernova)
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Weak gravitational lensing: 
Mapping dark matter
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Compact objects,
Black holes
Gravitational lensing

Luminet (1979)
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Elliptical galaxy M87 (optical, radio, X-rays)

Event Horizon Telescope (EHT)
interferometric millimetric image
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Center for Astrophysics, Harvard & Smithsonian
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Gravitational waves
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Hulse–Taylor binary
PSR B1913+16

binary star system composed of a neutron star and a 
pulsar

Current orbital period: 59.02999792988 ms

Credit: Shane L. Larson

Gravitational waves:
First evidence
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Gravitational waves: 
direct measure
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change in distance 10,000 times smaller than a proton

Gravitational waves: 
direct measure

200W
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Gravitational waves: 
direct measure
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Gravitational waves:
first detection, 

GW150914

B. P. Abbott et al.,  (2016)
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Cosmology
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Content of the lectures

> INTRO <

Newtonian gravity: 
   1. Gravity and the other forces
   2. Newtonian gravity: idea and problems
   3. The most general classical non-relativistic field approach
   4. The link between Φ α r-1 and the Euclidean space

The equivalence principle:
   1. Gravity ↔ non inertial frames
   2. Few predictions

> FLAT SPACE-TIME <

Special relativity: Minkowski space-time
   1. Special relativity, the need and the idea
   2. Space-time, scalars, vectors, one-forms and tensors
   3. Linear coordinates transformations: the Lorentz transforms
   4. Groups, lie-groups, the Lorentz-group
   5. Relativistic mechanics

Attempting a relativistic linear theory of gravity: fail!
   1. Dynamic of the field
   2. Dynamic of a particle in the field: perihelion shift problem
   3. Impossibility of gravitational redshift in a flat space-time

The equivalence principle: gravity ↔ non inertial frames
   1. The equivalence principle and few predictions
   2. Non-inertial frames and the equivalence principle
   3. Gravity and the metric of space-time, welcome to GR!

> CURVED SPACE-TIME <

Curved space-time
    1. Manifolds, geometry, Riemanian geometry
    2. tangential manifold / tangent space
    3. Covariant derivatives,  Christoffel symbols
    4. Link between Christoffel symbols and the metric tensor
    5. Parallel transport and the geodesic equations
    6. Conserved quantities and killing vectors
    7. The Riemann tensor
    8. Geodesic motion from least action principle (B. p31) Landau

> GRAVITY <

Sources of the gravitational fields
    1. The energy momentum tensor
    2. Matter as source
    3. Fields as source

Field equations
    1. Einstein field equations
    2. Ricci- and Weyl-curvature
    3. Linearized equations
    4. Weak-field limit

> APPLICATIONS <

Gravitational waves
   Perturbative approach

Spherically symmetric systems
    2. Schwartzshild black-holes
    5. Kerr metric
    6. Reissner-Nordström (electrically charged black-holes)

Cosmology, isotropic and homogeneous universe
    1. Friedmann(-Lamaitre)-Robertson-Walker metric (FLRW)
    2. distances
    3. the expansion of the universe
    4. cosmological redshift / energy “non conservation”
    5. The cosmological constant and dark energy

A pinch of numerical general relativity
    1. Numerical simulations of black holes accretion
    2. Cosmological numerical simulations

General Relativity, SS2023 01 Introduction
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Let’s start!
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The equivalence principle

General Relativity, SS2023 02 Equivalence principle
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Equivalence principle: gravitational redshift

General Relativity, SS2023 02 Equivalence principle
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Equivalence principle: gravitational lensing

General Relativity, SS2023 02 Equivalence principle
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Gravity: the most general non-relativistic linear theory

Field equation

Define the lagrangian density, we want:

General Relativity, SS2023 03 Non relativistic linear theory
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Meanng of

General Relativity, SS2023 03 Non relativistic linear theory
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Can this theory solve some problems of "standard" Newtonian gravity?

and the Gauss theorem

General Relativity, SS2023 03 Non relativistic linear theory
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Equation of motion of a particle in a gravitational field

General Relativity, SS2023 03 Non relativistic linear theory
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Part II

The flat space-time
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Special Relativity: the concept

General Relativity, SS2023 04 Special relativity concept v2
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Some abmiguity is left 
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The proper time

General Relativity, SS2023 04 Special relativity concept v2
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Implication of the Lorentz transforms
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Space-time diagrams

Note:         is not positive definite

General Relativity, SS2023 04 Special relativity concept v2
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Lorentz geometry

Geometric interpretation of the ct,x plane

The metric is "hidden" in many places!

General Relativity, SS2023 05a Lorentz geometry v3
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Note: above we have choosen a specific basis set (cartesian)

General Relativity, SS2023 05a Lorentz geometry v3
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We are dealing with inertial frames

Relation between frames S, S

This implies a linear transfrmation of vectors between frames

Frame transformations

Here we want  c  invariant         Lorentz transforms as we have seen in previous lectures

General Relativity, SS2023 05a Lorentz geometry v3
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Another way to define the needed transformation

General Relativity, SS2023 05a Lorentz geometry v3
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Lorentz invariant quantities

Likewise, for Lorentz transforms: define a "rotation angle"

A familiar example: rotation in 3D

General Relativity, SS2023 05a Lorentz geometry v3
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What is a Lie group?

The Lorentz group

What is a groups?

What is the Lorentz group?

General Relativity, SS2023 05a Lorentz geometry v3
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Inverse transformation

General Relativity, SS2023 05a Lorentz geometry v3
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Lie-groups

Lie-algebra

General Relativity, SS2023 05c Lie-algebra and the Lorentz group
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The Lorentz group is a Lie group

Invariants under boosts (Lorentz invariance)

General Relativity, SS2023 05c Lie-algebra and the Lorentz group
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Conbination of boosts in different planes

Combination of boosts in one plane

General Relativity, SS2023 05c Lie-algebra and the Lorentz group
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4-vector

World-line

4-velocity

4-acceleration

4-momentum

Relativistic mechanics

Behavejour of paticles in the space-time

General Relativity, SS2023 06 Relativistic mechanics
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4-force

Change in rest mass ?!

A convenient expression: energy of a particle measured by a moving observer

Massive particles have 0<v<c

Momentum of a photon

General Relativity, SS2023 06 Relativistic mechanics
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Action

Free particle : no external forces

Lagrangian

The metric is hidden in there!

Variational approach

Hamiltonian :

Equation of motion :

Conjugate momentum :

General Relativity, SS2023 06 Relativistic mechanics
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Eq. of motion but directly from least action principle

Dispersion relation for massive particles

General Relativity, SS2023 06 Relativistic mechanics
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Decay of particles

Inverse process

General Relativity, SS2023 06 Relativistic mechanics
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Photons

Photons travel with the speed of light

General Relativity, SS2023 06 Relativistic mechanics
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Lorentz transform of 4-frequency :

General Relativity, SS2023 06 Relativistic mechanics

Matteo Maturi Back to Index 67



Equation of motion of a particle in gravitational field

1) Lagrangian of particle in gravitational field

2) Euler-Lagrange equation for the eq. of motion

General Relativity, SS2023 07a Relativistic linear theory
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3) Perihelion shift

General Relativity, SS2023 07a Relativistic linear theory
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1) Lagrangian density: Similar to electrodynamics, use a classical scalar field

2) Euler-Lagrange eq., equation of motion of the field

Yes!

Classical, relativistic linear theory in Minkowski space

Energy-Momentum tensor of the field

General Relativity, SS2023 07a Relativistic linear theory
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But... still we have an inconsistency!

General Relativity, SS2023 07a Relativistic linear theory
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More about gravity

General Relativity, SS2023 07b Bonus fluids-with-gravity
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Virial tensor theorem

General Relativity, SS2023 07b Bonus fluids-with-gravity
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Toward G.R. : linking gravity to the metric of space-time

General Relativity, SS2023 08 Toward GR linking gravity to metric
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Example: rotating system

Equivalence principle

Free particle

In a rotating system

Inertial frame

Careful!

General Relativity, SS2023 08 Toward GR linking gravity to metric
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Take a non relativistic particle in a given fixed gravitational field

Let's try to find the metric associated to a gravitational field

Connecting the metric to a gravitational field

General Relativity, SS2023 08 Toward GR linking gravity to metric
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Vectors, 1-forms, tensors

Vector:

Basis set:

Transformation of basis:

Linear map :

Bilinear map :

Components of a vector:

Transformation of vectors:

General Relativity, SS2023 09 Vectors one-forms tensors v4
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The metric

General Relativity, SS2023 09 Vectors one-forms tensors v4
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One-forms = dual vectors = covariant vectors = co-vectors

General Relativity, SS2023 09 Vectors one-forms tensors v4
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One-forms are the prototypes of gradients

To visualize it: Useful also to quantify fluxes
across a surface

General Relativity, SS2023 09 Vectors one-forms tensors v4
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Tensors

Tensors are rulers in physics:

They are a "generalization":

General definition:

Types of tensors:

a matematical object obaying certain transformation roles
    i.e components have certain transformation properties
    under a change of coordinates

You already met tensors!

Rank:

General Relativity, SS2023 09 Vectors one-forms tensors v4
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Transformation of the components

Rising/Lowering indexes

Components of a tensor

Symmetric tensors

Antisymmetric tensors

Splitting in symmetric and antisymmetric parts:

General Relativity, SS2023 09 Vectors one-forms tensors v4
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Basis for tensors

Examples:

Every tensor can be expressed as a combination of outer products

General Relativity, SS2023 09 Vectors one-forms tensors v4
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Tensors operations

Mapping tensors on tensors

Sum/Subtraction :

Multiplication by a scalar :

Outer ptoduct :

Inner product :

Contraction :

Derivative

General Relativity, SS2023 09 Vectors one-forms tensors v4
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The Levi-CIvita symbol

Kroneker delta

Special tensors:

General Relativity, SS2023 09 Vectors one-forms tensors v4
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Curved space-time

88



1) Manifold

2) Chart / coordinate system:

3) C  Atlas:

Differentiation on a manifold

Directional derivatives and vectors

Tangent space

Manifods and the tangent space: summary

Coord. transformation

Dual vectors

4) Induce a metric

5) Introduce the affine connectin, covariant derivatives...

General Relativity, SS2023 10 Manifolds and the tangent-space v3
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A theory of gravity based on differential geometry: General Relativity

Equivalence principle

Frame

Can you recall the relationship between            and the Gauss theorem?

in flat space, because         spheres have surface

But in curved space, surface of sphere 
=> deviation from 

=> We need to describe curved spaces!!

Recall          and Gauss theorem

Space-Time

  As gravitational fields,     depends on the position 

General Relativity, SS2023 10 Manifolds and the tangent-space v3
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Curved spaces

2) Chart / coordinate system:

1) Manifold

3) C  Atlas:

- in general there might not be one non-degenerate coordinate system to cover the entire manifold,
  e.g. spherical coordinates on a sphere -> divergent at the pole but... you can use coordinate patches

- one chart might not be sufficient to cover a the manifold => need a "collection" of charts

Maximal atlas :

General Relativity, SS2023 10 Manifolds and the tangent-space v3
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Example: NOT a manifold: surface of a cone
Example: Euclidean space, surface of a sphere

Example of manifolds

General Relativity, SS2023 10 Manifolds and the tangent-space v3
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- Manifolds are locally like      =>   you can differenciate and integrate on a manifold

Differentiation on a manifold

- Not obvious how... manifolds are 'just' a set of points  =>  how can you define derivatives?

Directional derivative

General Relativity, SS2023 10 Manifolds and the tangent-space v3
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Vectors as directional derivatives: the tangent space

General Relativity, SS2023 10 Manifolds and the tangent-space v3
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Generic coordinate transformations come for free

General Relativity, SS2023 10 Manifolds and the tangent-space v3
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Cotangent vectors = dual vectors = 1-forms

General Relativity, SS2023 10 Manifolds and the tangent-space v3
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In a real gravitational field, it is IMPOSSIBLE to define one transformation such that

You can do it for each P separately, each P with its own coordinate transformation

- To define distances, volumes, norms of vectors

-          has a "flat geometry"  --->   Minkowski metric (locally!)

Minkowski because Special Relativity must hold in         once a suitable frame is choosen (free fall)

- The metric is choosen to fit the physics we want to reproduce

- Careful! g is induced in P, but all P are in general different vector spaces  =>  g depends on P!

4) Inducing a metric on M:

- Every point on a manifold has its own 

- I.e. to each point is associatate its OWN vector space

- How do we relate vectors belonging to different vector spaces??

- We make invinitesimal 'moves' -> differential geometry

- Parallel transpor to "move vectors around"

- This is given by the affine connection, see covariant derivatives later on...

5) The affine connection, covariant derivatives

- Equip M with a metric:

General Relativity, SS2023 10 Manifolds and the tangent-space v3
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Abstract index notation

General Relativity, SS2023 10 Manifolds and the tangent-space v3
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Recall: a vector space is a set, V, combined with a field, K, and equipped with an
            addition and a multiplication with scalars (if the sum and multiplication are
      distributive and associative, then the vector field is called Abelian).

"APPENDIX"

General Relativity, SS2023 10 Manifolds and the tangent-space v3
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- Physical meaning: locally, manifolds have a Minkowski metric
                     
- You need it: in any point you can have a free falling observer, i.e. you can set a
  reference frame such that no gravity is felt <-> flat space-time

  i.e.    a coordinate transformation that transforms the metric   in the vicinity
  of a point   into a diagonal form with only +1 and -1 as elementrs

Physical insights in the tangent space

- A tangent space can be associate to every P   M

In P the S.-T. is Minkowski, in the surrounding is locally Minkowski

- In curved space-time (i.e. with real grav. fields.) yu can not define a transformation that makes

General Relativity, SS2023 11 About the tangent space
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More on the impossibility to have a Minkowski metric simultaneously everywhere

Validity of the approximation to flat geometry

General Relativity, SS2023 11 About the tangent space
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Affine connectin and covariant derivative: Summary

General Relativity, SS2023 12 Affine-connection and covariant-derivative v4
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Partial derivatives are NOT good tensorial operators on a manifold

Issue with "standard" derivatives

General Relativity, SS2023 12 Affine-connection and covariant-derivative v4
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Covariant derivative and affine connection

General Relativity, SS2023 12 Affine-connection and covariant-derivative v4
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 Transformation of    :

This shows that     is NOT a        tensor

But...         with    = fixed  are components of a        tensor

This allows us to write:

General Relativity, SS2023 12 Affine-connection and covariant-derivative v4
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For vectors:

For 1-forms:

For tensors:

Tensors of higher rank:

For a scalar (gradient):

What about covariant derivatives of other objects?
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Commutator of vectors

Meaning:

Torsion map

Torsion Tensor

General Relativity, SS2023 12 Affine-connection and covariant-derivative v4
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Decompose the connection in a symmetric connectin + torsion

General Relativity, SS2023 12 Affine-connection and covariant-derivative v4
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Torsion free: the 5th condition 

Another approach investigate the torsion free condition

General Relativity, SS2023 12 Affine-connection and covariant-derivative v4
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Metric compatibility, a 6th condition

We can have a transformation such that in a point P we have
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Other useful expressions:

We now make the connection unique
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Covariant divergence

Laplacian

Curl

Other operators

Gradient

Few other comments
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Some more insights in the affine connection

- All what we said about vectors is valid in the tangent space
- But what happens when we move on the manifold from a point     to a point     ?
- How can we relate two vectors belonging to the two tangent spaces        and         ? 

Covariant derivative:
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Link between 

A slightly different look at the affine connection and the covariant derivative
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Appendix

General Relativity, SS2023 12 Affine-connection and covariant-derivative v4
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Parallel transport

Parallel transport   =   move a vector (tensor...) along a path by keeping it "unchanged"

In flat space-time:

In curved space-time:
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Geodesic equation

General Relativity, SS2023 13 Parallel-transport geodesic equation v4
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Geodesic equation from variational principle

Length and time intervals:
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2) Free particle in Special Relativity:

3) Free particle in general Relativity:

4) Generalized momentum

5a) 4-momentum conservation:

Is there any physics?

1) "Inertial" motion in curved space

General Relativity, SS2023 13 Parallel-transport geodesic equation v4
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7) The way around... Geodeisc equation in Newton's gravity

6) A force !? No, but we 'perceived' it like one

5b) 4-momentum conservation:
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Weak field limit

General Relativity, SS2023 13 Parallel-transport geodesic equation v4
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Affine parameters
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Final remarks:
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The Curvature of space

General Relativity, SS2023 14 Curvature-tenosr v3
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Meaning 1:

Curvature map

Basic properties:

Meaning 2:

General Relativity, SS2023 14 Curvature-tenosr v3
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Curvature / Riemann tensor

General Relativity, SS2023 14 Curvature-tenosr v3
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"Alternative" derivation of   
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with a Riemann connection
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Bianchi identity
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Homology and homology group

Appendix
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Existence of the curvature tensor

General Relativity, SS2023 14 Curvature-tenosr v3
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Geodesic deviation equation

General Relativity, SS2023 15 Geodesic deviation equation v3
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Quantify the relative acceleration

General Relativity, SS2023 15 Geodesic deviation equation v3

Matteo Maturi Back to Index 134



General Relativity, SS2023 15 Geodesic deviation equation v3
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Ricci tensor

Ricci scalar

Geometrical interpretation

Contractions of the Rieman curvature tensor

General Relativity, SS2023 16 Ricci-tensor ricci-scalar einstein-tensor

Matteo Maturi Back to Index 136



Einstein tensor

Weyl tensor

Other related tensors

General Relativity, SS2023 16 Ricci-tensor ricci-scalar einstein-tensor
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Summary: all our important tensors

General Relativity, SS2023 16 Ricci-tensor ricci-scalar einstein-tensor

Matteo Maturi Back to Index 138



Conserved quantities

General Relativity, SS2023 17a Conserved-quantities killing-vectors v2
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Killing vectors

Killing vector field
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General Relativity, SS2023 17a Conserved-quantities killing-vectors v2
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Lie derivatives: introduction

General Relativity, SS2023 17b Conserved quantities lie-derivatives v2

Matteo Maturi Back to Index 142



Link two manifolds M, M': pull-back, push-forward

Pushforward of a vector

Pullback of one form

Pullback / Pushforward

Pull-back of tensor        by

Push-forward of tensor        by

General Relativity, SS2023 17b Conserved quantities lie-derivatives v2
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with charts

Pull-back, push-forward for tensors      by 

General Relativity, SS2023 17b Conserved quantities lie-derivatives v2
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General Relativity, SS2023 17b Conserved quantities lie-derivatives v2
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Diffeomorphysms and symmetries of a system

General Relativity, SS2023 17b Conserved quantities lie-derivatives v2
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Equivalence of physical theories

General Relativity, SS2023 17b Conserved quantities lie-derivatives v2
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Vector fields, diffeomorphisms and coord. transformations: flows

General Relativity, SS2023 17b Conserved quantities lie-derivatives v2
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Need to evaluate a tensor in different locations to compute the difference
Idea: use pull-back/forward to "transport" tenssors in different points

One     alone is not sufficient to define a derivative, you need a set of 
to move smoothly from one point to another (need infinitesimal shifts)

Define the Lie derivative of a tensor field  T  with respect to a vector field  V

Lie derivatives

General Relativity, SS2023 17b Conserved quantities lie-derivatives v2
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Properties of the Lie-derivatives

Components of the Lie derivatives (applied to a vector fields)
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Lie-derivatives and killing vector fields
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Appendix
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Strong equivalence principle

General Relativity, SS2023 18 SEP and electrodynamics in curved space
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Electrodynamics

General Relativity, SS2023 18 SEP and electrodynamics in curved space
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Charge conservation

For electrodynamics, so good so far...   what about energy-momentum conservation?

General Relativity, SS2023 18 SEP and electrodynamics in curved space
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Part IV

Einstein Field
equations

156



Energy-Momentum tensor

General Relativity, SS2023 19 Energy-momentum tensor v2
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What is the meaning of  T     ?

What about G.R?!

General Relativity, SS2023 19 Energy-momentum tensor v2
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Energy momentum tensors of a perfect relativistic fluid

Energy-momentum tensor of electromagnetic fields

General Relativity, SS2023 19 Energy-momentum tensor v2
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Again but now on an arbitrary manifold

1) Euler-Lagrange equation for fields in a curved space

General Relativity, SS2023 19 Energy-momentum tensor v2
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2) Energy-momentum tensor

General Relativity, SS2023 19 Energy-momentum tensor v2
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Einstein's fields equations

"Einstein's original approach", what are we lloking for are:

What do we know by now:

General Relativity, SS2023 20 Einstein equations v2
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Identifying the candidate symmetric rank-2 in the field equations

The simplest object:

The ricci tensor?

The Einstein tensor?

They can also be reshaped as follow:

General Relativity, SS2023 20 Einstein equations v2
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Weak static non-relativistic field  with

General Relativity, SS2023 20 Einstein equations v2
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The cosmological constant

General Relativity, SS2023 20 Einstein equations v2
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Are Einstein's equations sufficient to constrain the metric?

Isn't                   a cute simple equation?

General Relativity, SS2023 20 Einstein equations v2
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Can we have gravity (curved space time) with a 2 or 3 dimensional space?

General Relativity, SS2023 20 Einstein equations v2
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Einstein field equation: variational approach

Action for the field        only

Least action -> find equation of motion for        : field equations in cavuum

General Relativity, SS2023 21 Einstein field equations via variational approach v2
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Including the source term

General Relativity, SS2023 21 Einstein field equations via variational approach v2
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Energy momentum conservation and diffeomorphysms

G.R. is a “diffeomorphism invariant” theory

Energy-momentum conservation in G.R. comes from that

General Relativity, SS2023 21 Einstein field equations via variational approach v2
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Energy-momentum conservation and gravity

Example, photon going through a varying gravitational field

General Relativity, SS2023 21 Einstein field equations via variational approach v2
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Appendix

General Relativity, SS2023 21 Einstein field equations via variational approach v2
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General Relativity, SS2023 21 Einstein field equations via variational approach v2
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Uniqueness of G.R.: Lovelock's theorem

Other theories of gravity?

General Relativity, SS2023 22 Not only one theory of gravity
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Equivalent (extended) theories

Curvature

Torsion

Non-metricity

f(R) theories:

General Relativity, SS2023 22 Not only one theory of gravity
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The idea:

droppi ng condi t i ons 4

Brans-Dicke theory

General Relativity, SS2023 22 Not only one theory of gravity
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Linearized field equations

General Relativity, SS2023 23 Linearized Einstein equations
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General Relativity, SS2023 23 Linearized Einstein equations
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Applying Gauge transformation to furhter simplify   (Hilbert gauge = Lorentz gauge)

General Relativity, SS2023 23 Linearized Einstein equations
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General Relativity, SS2023 23 Linearized Einstein equations
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Gauge transformation and perturbative approach

General Relativity, SS2023 23b Transformation of h and possible gauge transformations
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Nearly Newtonian regime

General Relativity, SS2023 24 Nearly newtonian regime and gravitomagnetic field
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Going to an higher order: gravitomagnetic field

The resulting metric

Keep next higher order in 

General Relativity, SS2023 24 Nearly newtonian regime and gravitomagnetic field

Matteo Maturi Back to Index 183



Equation of motion of free particle in grav. field

General Relativity, SS2023 24 Nearly newtonian regime and gravitomagnetic field
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Analize torque excerted on a small body

General Relativity, SS2023 24 Nearly newtonian regime and gravitomagnetic field
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Homogeneous linearized field equations

In Hilbert gauge, we can further require : with an appropriate choice of

Gravitational waves

General Relativity, SS2023 25 Gravitational waves v4
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Identifying free components of 

Perturbed metric in TT gauge seen by observer at rest

General Relativity, SS2023 25 Gravitational waves v4
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Polarization states of GW

Another way to look at the two polarization states

General Relativity, SS2023 25 Gravitational waves v4
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Motion of particles in presence of GW

- 1 particle initially at rest :

- 2 particles separated by 

- 3 particles displaces as an L

General Relativity, SS2023 25 Gravitational waves v4
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Quantum gravity theory

Waves and associated particles

General Relativity, SS2023 25 Gravitational waves v4
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Generation of GW: summary

General Relativity, SS2023 26 Generation of gravitational waves
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There is a vacuum solution, GW: 

To look at the source of the perturbation, we need the inhomogeneous (linearized) eq:

Approximations:

Generation of GW

Express                 as an integral of density

General Relativity, SS2023 26 Generation of gravitational waves
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General Relativity, SS2023 26 Generation of gravitational waves
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Example: binary system
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General Relativity, SS2023 26 Generation of gravitational waves
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Energy carried by gravitational waves
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General Relativity, SS2023 26 Generation of gravitational waves
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1st evidence of energy loss via gravitational wave emission
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1st detection: GW150914
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Spherically symmetric systems

Spherically symmetric metric

General Relativity, SS2023 27 Spherycal symmetry and Schwarzshild metric v2
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General Relativity, SS2023 27 Spherycal symmetry and Schwarzshild metric v2
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Coupling metric with source: gravitatinal field equations
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Specify     and      of object to get     explicitely

General Relativity, SS2023 27 Spherycal symmetry and Schwarzshild metric v2
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Schwarzshild metric: exterior soution

Wierdnesses...
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Particles in a Schwarzshild spacetime: summary

General Relativity, SS2023 28 Motion of particles in Schwarzshild space-time
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Particles in a Schwarzshild spacetime

Orbits

General Relativity, SS2023 28 Motion of particles in Schwarzshild space-time
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Cyclic coordinates, conserved quantities and effective potential

General Relativity, SS2023 28 Motion of particles in Schwarzshild space-time

Matteo Maturi Back to Index 209



can fall inward

max: unstable circular orbit

unbound

elliptical orbits

min: stable circular orbit

unbound

infall
maximum
disance

For massive particles

Effective radial potential

General Relativity, SS2023 28 Motion of particles in Schwarzshild space-time
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For massless particles :

Newtonian gravity :

Comparison GR  <-->   Netown
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Equation of motion (radial)

Effective gravitational potential

General Relativity, SS2023 28 Motion of particles in Schwarzshild space-time

Matteo Maturi Back to Index 212



Perihelion shift

Predictions for the Schwarzshild metric

Gravitational lensing
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Gravitational redshift

General Relativity, SS2023 28 Motion of particles in Schwarzshild space-time
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Schwarzshild black holes

Singularities for the metric coefficients

Swap between time- and space-like classification

General Relativity, SS2023 29 Schwarzshild black holes
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Light cone while approaching the Schwarzshild radious

Space-Time diagram in Schwarzshild space-time

General Relativity, SS2023 29 Schwarzshild black holes

Matteo Maturi Back to Index 216



Try to solve these issues
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Kruskal coordinates
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Kruskal diagram: (u,v) plane
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Appendix:  more about horizons
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Part V

Applications

223



Electrically charged bodies: the Reissner-Nordström solution

General Relativity, SS2023 30 Reissner-Nordstroem solution and black holes
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Roughly speaking,
this condition states th
energy from the electr
the charge would hav
to be unphysical.

Reissner-Nordström black holes
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General Relativity, SS2023 30 Reissner-Nordstroem solution and black holes
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Explicit derivation (no magnetic monopole)

1) Energy momentum tensor

General Relativity, SS2023 30 Reissner-Nordstroem solution and black holes
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2) Maxwell equations to constrain 

3) Einstein Equations

General Relativity, SS2023 30 Reissner-Nordstroem solution and black holes
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Kerr and Kerr-Newman solution

General Relativity, SS2023 31 Kerr solution and Kerr back-holes
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Kerr black-holes: singularities and horizons

General Relativity, SS2023 31 Kerr solution and Kerr back-holes
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Killing vectors for Kerr metric

1) Free massive particle initially falling along the radious

Now, investigte constraints on motion of particles

General Relativity, SS2023 31 Kerr solution and Kerr back-holes
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2) Photon, initial tangential trajectory

General Relativity, SS2023 31 Kerr solution and Kerr back-holes
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General Relativity, SS2023 31 Kerr solution and Kerr back-holes
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Relativistic cosmological model

General Relativity, SS2023 32 Lambda-CDM cosmological model
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Cosmological redshift

General Relativity, SS2023 32 Lambda-CDM cosmological model
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Dynamic of the universe: a(t)

Energy-Momentum tensor:

Geometry:

Einstein eq.s:

Adiabatic condition:

General Relativity, SS2023 32 Lambda-CDM cosmological model
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Cosmological constant

Important quantities: 

General Relativity, SS2023 32 Lambda-CDM cosmological model
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General Friedmann eq.

Multi-component cosmological fluid

Parametric eq. of state

General Relativity, SS2023 32 Lambda-CDM cosmological model
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Cosmological distances

General Relativity, SS2023 32 Lambda-CDM cosmological model
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Explicit computations

General Relativity, SS2023 32 Lambda-CDM cosmological model
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Credit: SSU E/PO Aurore Simonnet

Orbit of planets
- Perihelion shift
- Orbits are not closed ellipses

General Relativity, SS2023 33 Conclusions
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Orbit of the Moon

- Lunar Laser Ranging experiments
- Orbit of the moon, 1cm precision (geodeiscs)
- Nordtvedt effect → NO => Strong Equivalence principle is valid (within the errors)

Lunokhod programme (Soviet Union)

Apollo 15 LRRRApollo 11
Lunar Laser Ranging Experiment

Apollo Program (USA)

General Relativity, SS2023 33 Conclusions
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astrometric and spectroscopic measurements. At the left, you can see the position of the star (blue points) on its trajectory around the black hole 
(black dot). The depicted motion is clockwise from early 2017 to late 2018. The picture on the right illustrates the velocity difference between the 
Newtonian (dashed line) and relativistic models (solid curve) and on top the residuals (open circles).

Source: GRAVITY Collaboration, 2018A&A...615L..15G and newer data

Orbits of stars surrounding the super 
massive black hole of the our galaxyOrbit of stars surrounding Sgr A*

General Relativity, SS2023 33 Conclusions
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Gravito-magnetism,
Frame dragging, Lens-Thirring precession

Ultra-accurate gyroscopes

Suspend each spinning gyroscope in the 
exact center of its housing, a mere 32 
microns or 1/1000th inch from the side of the 
housing.

Frame-dragging still image from the gravity probe B video by 
Bob Kahn, James Overduin, Lee Kolb, and Greg Trent

General Relativity, SS2023 33 Conclusions
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Gravitational redshift - time
And the Global Positioning System (GPS)

Test of Relativistic Gravitation with a Space-Borne Hydrogen Maser
Vessot et al. (1980)

hydrogen-maser frequency standard in a spacecraft launched nearly vertically (gravity probe A) upward to 10 000 km
observed relativistic frequency shift with prediction is at the 70×10−6 level.

General Relativity, SS2023 33 Conclusions
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Credit:
ESO/Landessternwarte Heidelberg-Königstuhl/F. W. Dyson, A. S. Eddington, & C. Davidson

1919 Solar eclipse Eddington and Crommelin expedition

Gravitatinal lensing
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Strong gravitational lensing

- Measure distribution of dark matter
- Investigating modified gravity
- Cosmological constraints
- Magnification of the most distant galaxies
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Rafsdal supernova: cosmology

Space crafts, radar Time Delay:
- to Viking Lander on Mars (1976)
- to Cassini spacecraft toward Saturn (1999+)

  Time delays
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Luminet (1979)

Compact objects:
   - galactic, stellar, in between (primordial?)
   - Strong field (not weak field)
   - Power of gravitational waves
   - Gravitational lensing
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Elliptical galaxy M87 (optical, radio, X-rays)

Event Horizon Telescope (EHT)
interferometric millimetric image

Center for Astrophysics, Harvard & Smithsonian

NASA, ESA, S. Baum and C. O'Dea (RIT), R. 
Perley and W. Cotton (NRAO/AUI/NSF), and 
the Hubble Heritage Team (STScI/AURA) -

Super-massive black holes
Active Galactic Nuclei

Urry & Padovani (1995)
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Gravitational waves

Hulse–Taylor binary
PSR B1913+16

binary star system composed of a neutron star 
and a pulsar

Current orbital period: 59.02999792988 ms

Credit: Shane L. Larson
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Ground base interferometers

Einstein telescope
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Laser Interferometer Space Antenna (LISA)
2034
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IPTA-International Pulsar Timing Array-Clockwise

- nHz gravitational waves
- binary super massive black holes

credit: David J. Champion
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Cosmology

Edward W. Kolb 

General Relativity, SS2023 33 Conclusions

Matteo Maturi Back to Index 261



                                                             Theoretical Astrophysics (Matteo Maturi)

Euclid
Understanding dark matter and dark energy

Space mission in  L2, 6 years
 

Launch: SpaceX, Falcon 9,  July 2023
 

Instrument:
   - 1.2m telescope
   - VIS: one optical band: r+i+z
   - NISP: infrared: Y,J,H
Map the entire extragalctic sky

Gravitational lensing measures (cosmic shear)
Clustering of galaxies
Galaxy clusters as cosmological probes: clustering, mass function, ...

Scaramella et al. 2021
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Some of the constraints we expect

Sartoris et al. 2015
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Thank you,
enjoy gravity and the universe!
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Conformal transformations
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